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CHAPTER I

HISTORICAL INTRODUCTION

The most striking and revolutionary development of

economic thought in the last three decades is, it can be

averred without hesitation, the many-sided attest that has

been made to tear down the partition built by the classical

school1 between a value theory constructed on real, non-

monetary terms, and the analysis of monetary phenomena. At

times, indeed, exponents of the classical school describe

the monetary elements as affecting the real terms in a posi-

tion of disequilibrium, or in the transition period between

two different equilibria ,

2 but the classical approaoh

generally assumes that the real elements of the system offer

a long-run equilibrium solution independent of Hie monetary

conditions. Money is neutral; it is a 'veil’* concealing the

relationships among the real terms. With some variants, the

central body of the theory is essentially not so muoh a

barter theory, as an abstraction from money and monetary

functions, which furnishes the solution for equilibrium

^The classical school is taken here to
semble of doctrines constructed by A. Smith
up to J. S. Mill.

2For instance, the stimulating effect of a
rise in the prices is pointed out by A. smith and

\
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quantities and relative prices, i.e. the rates of exchange

of the commodities in terms of one of them .
3 The monetary

factors are logically a non-essential adjunct or appendage,

usually confined to a separate part of the exposition, whose

main methodological function consists in translating the

relative prices into absolute, or money prices without affect-

ing the barter solution.

The conversion from relative to money prices is brought

about usually in two alternative ways by classical theorists.

In one, a money prioe is arbitrarily attributed to the unit

of the numeraire , or, what amounts to the same thing, the

unit of money is defined as equal to the value of a certain

quantity of the numeraire , and that rate of exchange between

money and numeraire is insured on the market. The second

way of determining money prices is by fixing the quantity of

money at any arbitrary level and introducing the concept of

velocity of money. This is defined as the ratio between the

quantity of money and the total money-value of all the trans-

actions effected during a certain period of time. Mathemati-

cally, auoh a definition is given by an equation, often

^he commodity in terms of which all prices are reckoned
is usually denoted by thp Walrasian^ expression merchandise
numeraire . L. Walras, foments d* Eoonomie Politique Pure *

(Paris: R. Pichon et R. iJurand-Auxias, 1926*TI For a discus-
sion of Walras’ numeraire , see A. W, Marget, *The Monetary
Aspect of the Walrasian System 1* (Journal of Political Soonomy.
Vol. 43, No. 2, April, 1935)
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called the ’'monetary equation.* Once the quantity and the

velocity of money are given, together with the value of all

transactions expressed in terms of one commodity (numeraire )

.

the monetary equation determines the money price of the

numeraire and consequently of all the other commodities. In

the first case. In which the money prices are determined

independently of the monetary equation, the monetary equation

gives the solution for the quantity of money.

Velocity is the only link that the classical school

establishes between the quantity of money and its value. It

Is a concept peouliar to monetary theory, and renders the

relationships and methods proper to the real value theory

inapplicable to monetary analysis. A useful tool for certain

forms of analysis, velocity has the defect of being a mere

definition deduced from two other variables by tautological

reasoning. For this reason it cannot furnish information

about the underlying monetary relationships actually determin-

ing it, and can at best be associated with other phenomena

according to observed laws of uniformity unsupported by a

general deductive system. Other elements, like the interest

rates, of both the monetary and the real value theories

reflect this dichotomy between the two fields in the fact

that they are provided by the classical and conforming works

with independent theoretical bases in the real and the
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raonetary fields of analysis.

It can be concluded, therefore, that, although classical

monetary theory is not in contradiction with real theory, it

is open to general objections because of the peculiarity of

its primary assumptions and of its method of analysis. Such

a disunity in the concepts and method of economic theory is

brought about by the classical denial of the applicability

of value theory to monetary phenomena. The reasons for the

departure of subsequent monetary theories from the classical

approach can be found in the requirements of deductive thought

for centralization and generalization of method, apart from

a mere scholastic relish for symmetry and formal perfection.

A closer and more significant approach to reality also im-

poses a break in the surface of the definition of velocity

in order to penetrate the underlying forces which bring it

about.

The process of thought leading to the modification or

the rejection of the classical approach to money has been

very slow and is still continuing at present. There have

been retrogressions - a number of monetary theorists hold

the classical view even now - and a variety of competitive

doctrines have arisen. Some are constructive and stimulating,

others often tainted with metaphysics, still others insignifi-

cant or erroneous. The trend which we intend to point out in
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this array of theories is not very clear and continuous. It

is actually illustrated by systems which might appear to be

unrelated but whioh have the common characteristic of repre-

senting an evolution toward a unified and generalized economic

theory.

A first advance toward a deeper insight into monetary

relationships and in the application of the supply and demand

method of value theory to their analysis is shown by the

cash-balance doctrine. The only improvement on the cash-

balance doctrine in the way of generalization and unity of

method appears to be represented by the application of the

marginal utility approach to the monetary field. Along with

the evolution of the concept of utility, this method has

undergone four different formulations whioh culminate in a

most satisfactory version of a unified general theory of

monetary and real economics. The methodological advantages

of these approaches will now be briefly sketched: of the

cash-balance and of the four marginal utility systems.

The cash-balance approach concentrates on the stock of

money instead of on its flow. It is, therefore, more conso-

nant than the concept of velocity of money with value theory

which, in its usual statical formulation, determines the

equilibrium quantities, or stooks of commodities. Its essen-

tial feature can be roughly stated by the principle that in
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equilibrium the total demand for cash-balance holdings must

be equal to the total quantity of money on the market. 5

This doctrine goes back as early as the pre-classical

monetary theories and reappears through the history of econom-

ic thought as vital as ever, often in new and more refined

forms. It is given a mathematical interpretation by Walras,

who appears to have influenced Menger and Marshall, and it is

perfected and given currency by Wicksell, Hawtrey, and Keynes.

Helfferich* s approach of demand for and supply of money

appears to be a version of the cash-balance theory. 6 The

most accredited versions of the cash-balance dootrine clearly

state that money holdings yield a return of convenience.

5
R. G. Hawtrey, in the review of L. Mises* "Theory of

Money and Credit," Economic Journal . Vol. XIV, Sept. 1935,
p . 512 .

®L. Walras, op. oit . , pp. 300-301 and 304-310; C. Menger,
"Geld," {in "SohrTrten ueber Geldtheorie und Waehrungspolitik,"
No. 20 in Series of Reprints of Scarce Tracts in Economic and
Political Science . London School of Economics, 1936), pp. 107-
108; and Grundsaetze der Volkwirthsohaftlehre (Wien: W. Brau-
mueller, 1911); A. liarsha11. Honey . Credit, and Commerce,
(lied., London? MacMillan, 1924), pp. 43-47; and Oral Hvidenoe
before the Royal Commission on the Values of Gold and silver .

"

1887 » 1888 , no. 9629, pp. 34^35; R. Cr. Hawtrey, op . pit .

,

P* 512; and Currency and Credit . (II ed., London; Longmans,
Green and Co., 1923), Ch. Ill; K. Helfferich, Money . (New York;
Adelphi Co., 1927); I. M. Keynes, A Tract on Monetgrey Reform .

(New York: Harcourt, Brace and Co., 1924), pp. 83-86; and lllie

General Theory of Employment . Interest and Money . (New York:
Harcourt, Brace and Co., 1936), p. 84; D. H. Robertson, ,_oney .

(II ed.. New York: Harcourt, Brace and Co., 1929), pp. 36 ff .

;

K. Wicksell, Lectures on Political Economy . (New Yorks The
MacMillan Co., 1935), Vol. II, pp, 159-168. For the similarity
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which can he compared to the satisfaction derived from con-

sumption, at the margin. Among others, liarahaIX, Pigou, and

Keynes do not leave any doubt on this point. The applica-

tion of marginal analysis to the convenience of money holding

is attempted also by Lavington, a supporter of the oash-

balanoe approach. According to him the individual reaches

his maximum satisfaction where the marginal return of conven-

ience and security derived from money holding equals the

marginal satisfaction of expenditure. 7 There is a wide agree-

ment in the cash-balance approach on the fact that the

satisfaction derived from holding cash does not depend on the

nominal value of the amount of money, but on its purchasing

power. Cash-balances, in other words, are to be reckoned in

real terms, in order that the demand for them be determined.8

No attempt has been made by the cash-balance theorists

ofWalras* * approaoh with the modem one, see A. W. Marget,
*Leon Walras and the *Cash-Balanoe Approach* to the Problem
of the Value of Money,* ( Journal of Political Itoonomy , Vol.
39, No. 5, Oct. 1931).

7F. Lavington, Ifoglish Capital Market , (London; Meuthen
and Co., 1921), pp. 30, 33.

Marshall measures it in terms of wheat (Money . Credit,
and Commerce , p. 44). See also A. C. Pigou, Assays in
Applied Aconomics . (London; P. S. King aid Son, 192377 P*
176; it

1

. M. Keynes, op . cit . ; K. Helfferich, op . olt . : K. Wick-
sell. Lectures on Political Economy . Vol. II, pp. 160-166.
Not so explicit about the necessity of a real calculation
are S. Cannan (Money . V ed., London, 1926, pp. 71-78), and R.G.
Bawtrey ( Currency and Credit , pp. 40-42).
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to extend the methods and concepts of marginal utility to

money, because, analytically, money demand differs from

commodity demands, in that the quantity of money demanded is

directly related to the price level. The difficulty in this

application of marginal utility is unanimously found by a

large number of modem authors, a part of \diom belong to the

cash-balance school, in an apparent logical circularity

involved in the dependence of the utility of money on money

prices, 9 Wicksell expresses this reproach of circular

reasoning as follows: "marginal utility {of money)... depends

in turn on the exchange value, or purchasing power, of the

money itself, and it does not itself regulate that purchasing

power.*10 According to Wicksell and to a number of other

writers (Schumpeter, Wleser), money has an indirect or

reflected marginal utility, derived from the goods ’which

g
H. S. Sllis furnishes the information that the objec-

tion of circularity was raised by Senior ( German Monetary
Theory . 1905-1955 . Cambridge, Harvard Univ. Press, 1954,
p. 76). See E, Wicksell, Lectures on Political Economy.
Vol. IX, p. 20.

L. von Mises, Theorie des Geides und der Umlaufsinittel
(Munich: Duncker und Humblot, 191.2), p. 127; K. Helfferich,
op . cit . . Vol. H, pp. 526-527; I. Sohumpeter, *Das Sozial-
produkt und die Rechenpfennige* (Archiv . 44), p. 647. G. Del
Vecohio criticizes the attempt to apply the theory of marginal
utility to the value of money on the ground that money holding
does not provide a direct service, and money utility is the
utility of the goods that money can buy. ( Rioerche sopra la
teoria generale della moneta . Milan, 1932, oh. H).

10K. Wicksell, Lectures on Political Soonomy . Vol. II,
p. 20. The underlined words are by the writer.
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money purchases. 11

Later in this section it will he indicated hov; the

criticism of circularity may he overcome. Here it should he

noted that, if correctly interpreted, the rejection of the

axiom that holdings of money have a direct utility is equiva-

lent to stating that the amount of money held does not add

anything to the satisfaction derived hy the individual from

present consumption. According to this line of thought the

only reason for money to he held at all is to he found in

the money function of shifting purchasing power from present

to future consumptions, consequently varying the utility

derived from consumption within the constriction of the

present and future expected budgets. Such a function takes

care of the uses of money as a store of value; it leaves

out, however, the service of facilitating transactions and

of meeting contingencies in an uncertain world. The cash-

halance theorists stressed the importance of the transaction

service; and yet, the existence of this function of money is

inconsistent with the frequent denial of a direct monetary

Hit. Wicksell, Leotures on Political Economy. Vol. IX,
p. 20; F. von Wleser. Social ISoonomi c s

.

(New Yc fled Adelphi
Co., 1927), p. 230, pp. 262, ff • ; «T. Schumpeter, op . cit .

.

p. 647. In recent works, "marginal utility of money" has
been taken to mean marginal utility of income or expenditure.
See R. Frisch, New Methods of Measuring Marginal Utility .

{Tuebingen; Mohr, 1932); A."!?. Pigou, M. Friedman, N. Georges-
cu - Roegen, "Marginal Utility of Money and KLasticities of
Qeraand," ( Quarterly Journal of Soonomlcs . L, 1935, pp. 532-539);
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utility. Walras* mathematical device of attributing a marginal

utility to money does not surmount the obstacle, as it is a

fictitious concept brought forth in order to develop his

formal system of equilibrium symmetrically. Walras actually

did not attribute a direct utility to paper money. 12

The application of the method of marginal utility to the

monetary field has become more adequate and frutiful, together

with the evolution and the perfecting of the concept of

utility. In economic literature the concept of utility is

rarely defined on philosophical or psychological grounds. It

is usually applied as a "working concept, * or a quantity of

unspecified nature around which a set of intuitive hypotheses

is constructed, which is indirectly verifiable by testing the

plausibility of the market relations deduced from it. The

economic concept of utility does not seem to have been satis-

R. G. D. ^llen, "0n the Marginal Utility of Money and its

Application," ( Economics . Vol. 13, May 1933).
12Walras attributes to the goods which do not possess a

direct utility, like raw materials, "services produoteurs,
le service de la monnaie, des^ raretes de convention propor-
tionnelles a leurs prix." ( Elements , p. 312). This, money
utility, however, is not interpreted as a mere "rarete de

convention" by A. S. Marget ("The Monetary aspect of the
Walrasian System," Journal of Political Economy , Vol. 43,

No. 2, April 1935, p. 157) and P. A. Samuelson (Foundations
of Economic .Analysis, (Cambridge: Harvard University Press,

1947, p. 118) who appraise this Walrasian approach. In this

connection, Samuelson notices: "Very rightly (Walras)...

reversed the commonly met dictum that *the quantity theory
should be sorapped, but the quantity equation is useful*."
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faetorily defined.*3 It la not essential, however, to define

utility rigorously. Therefore, utility is accepted as a use-

ful tool which may be applied as long as it helps to reach

positive results in harmony with the facts.

This concept has to be qualified by a certain number of

assumptions in its relation to the other economic factors, if

it is to be used in a system. Different sets of assumptions

may qualify it, whioh correspond to different analytical

limitations and to various degrees of generality. Later in

this work such assumptions will be carefully stated.*4 Here

*3In his work Historical Materialism and the Economics
of K. Marx . (New York: The MacMillan Co., 1914), Benedetto
Groc’s disputes the concept of economic choioe with Pareto.
In his argument, utility is not a quantity, but a quality of
an object as opposed to the non-quality of the other objects.
More precisely, utility is a moment, a situation of an objeot
in its relation to the spirit. The dialeotlos of utility and
non-utility is the dialectics of the choioe, that is to will
something as against not to will anything else. Evidently,
Croce refers to the aotual choioe, the action of the individ-
ual. To this point of view, G. Tagliaoozzo objects that from
Croce* s philosophical concept of practical choice should be
distinguished the economio, or scientific, concept of
theoretical choice. The latter concept has the connotation
that choice is a judgment of the individual in which he
orders his preferences according to their intensity, there-
fore taking them as quantities in an economio program. At
the limit, i.e. where the range of the program should beoome
Infinitesimal, the two concepts of practical and theoretical
choice are seen to coinoide. G. Tagliacozzo, *Crooe and the
Nature of Economic Science,* ( Quarterly Journal of Economics .

Vol. 59, May 1945). The concept of theoretical choice is
similar to the oonoept of *value of use* as defined in the
early economic literature. The concept of theoretical choice
is what we call utility, according to the common use.

*4See pB. 38-39.
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it is sufficient to point out three aspects of the evolution

of the concept of utility which are pertinent to monetary

analysis: (1) utility as dependent on the present consumption

and the services of commodities only; (2) utility as depend-

ent on the present and future expected consumption and

services of commodities; and (3) utility as dependent on

commodities and on the services of money, (a) comprising

future expectations, and (b) not comprising future expecta-

tions.

According to the first definition of utility, the demand

for. money arises only through the demand for the commodity of

which money is made. Such a definition has no provision for a

demand for money to be employed in its monetary use. In fact,

money has no utility beside the one for its use in the arts.

Furthermore, as the individual is not concerned with future

consumption which has no utility for him at present, he will

have no desire for storing value. Thus even the monetary

function of a store of value is lacking. The statement, so

frequently found in economic literature, that money is only

consistent with a dynamic system, may be imputed to this

definition of utility.

Formally, the process of determining static equilibrium

is the same whether utility refers to the art use of money

,

to its monetary use, or to both, since the condition determin-
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ing the amount of money held, which is that its marginal

utility must he equal to the marginal utility of expenditure,

does not change in any case. In comparative statics, however,

the solution for the effect of a change in any price on the

money holding reveals the presence or absence of an additional

demand for money beside its art use, which is its monetary

use; and it shows that the utility definition presently

disoussed is inapplicable to monetary analysis. The proof

of the preceding statement will be given in a later chapter,

following the exposition of the method on which it is based.15

In his system of equilibrium equations, Pareto does not treat

the marginal utility of paper money for its monetary services,

for he defines utility as dependent on commodities only.

This approach seems to have been followed also by von Mises,

in a non-mathemati ca 1 fashion. 16

The convenience of the second definition of utility for

monetary analysis will now be considered. Here utility is

dependent upon the present expectations of future consumption

15See Chapter III.
16V. Pareto, Manuel d'Aconomie Politique . II ed., (Paris:

M. Giard, 1927), pp. 592-693 of the Appendix; L. von Mises,
Theorie des Geldes und der Urnlaufsalttel , p. 128. Indeed, in
the text, Pareto modifies the utility of money so as to com-
prise also its monetary services: *la marohandise-monnaie est
ophelime non seulement pour la oonsommation, mais aussi parce
qu* elle 3ert a la circulation.* (p. 368). But in the Appen-
dix money's utility is the utility of the material of which
money is formed.
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and services of the commodities, in addition to the present

consumption and services of the commodities. Holdings of

money and other assets have no direct utility; in other words,

they do not enter the utility function. Money and other

assets will he held solely in order to modify the time-

distribution of purchasing power at the disposal of the

individual. If, for instanoe, the marginal utility of expend-

iture for a consumer is unsatisfactorily low at present and

high at a future time, he will build up his assets at present,

for the purchase of more consumption goods at the later time.

It is clear that the utility premise of this theory

that money has no direct utility, is the same as the one pre-

vailing in the cash-balance approach. Consequently, the same

criticism, to whioh oash-balanoe theory was subjected from an

exact point of view, can be applied here. The system takes

into account merely the services of money as a store of value

and leaves out the transaction and contingency services. In

fact, when the distribution in time of expected purchasing

power should afford the maximum of utility tothe individual,

and he should have no uncertainty about his future expecta-

tions, he would hold no money, no matter how large his amount

of transactions might be.

The utility-expectations approach was recently taken by

Makower and Marsohak as the basis for a system comprising »11
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assets together with money .^ A

a

it has been pointed out

previously, the resulting theory of assets is not as general

as it was in the intention of the authors, because it does

not take the transactions service into aooount. By means of

the extention of utility over time-expectations this theory

modifies the system of general equilibrium of the mathemati-

cal school of Lausanne so as to comprise a theory of assets.

It has the merit also of inserting money in the general

picture of a theory of assets.

The approaches to monetary theory which have been exam-

ined were seen to be incomplete. The approach, according to

which only the material of which money is composed has utility,

neglects its monetary services totally. The qualification of

the cash-balance doctrine about the applicability of the

method of marginal utility and the time-expectations approach

exclude the transactions and contingency services. The

definition of utility as dependent on commodities and on the

services of money remains to be examined. This definition

may be associated with two mutually exclusive utility

relationships; the relationship of utility as dependent upon

present consumption and services alone and the relationship

17
H. Makower, J. Marsohak, "Assets, Prices and Monetary

Theory," ( Bconomioa . Vol. 5, 1938, pp. 261 ff. ); J. Mar-
schak, "Money and the Theory of Assets." (Econometrioa.
Vol. 6, No. 4, Oct., 1938).



16

of utility as dependent upon present consumption and services

and upon the present expectations of future consumption and

services. First, the assumption of money having a direct

utility for the services which it performs 3hall be disoussed;

thereafter, the discussion shall turn to the advantages of the

other two qualifications of the utility relationships.

The objection of circular reasoning made to the assump-

tion of direct monetary utility has already been considered.

This objection is overcome by the definition of utility as

dependent on the monetary services. As reoently a3 1938,

referring to the marginal utility of the services of money,

Charles Rist wrote: “I am not aware that any scientific

attempt has yet been made to apply from this standpoint the

theory of marginal utility of money.*18 The amounts of the

services performed by money are directly related to the

quantity of money and its purchasing power. It is not an

absolute amount of money-holding which is demanded, but a

certain amount of purchasing power in the form of a stock of

money, whatever be the number of units of money composing

that stock. With a certain set of prices and a certain in-

come the individual will desire to hold a certain amount of

money. Market equilibrium is established at that price level

18
C. Hist, History of Monetary and Credit Theory . (New

York: The MacMillan' Co .

,

1940}

.
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at which the total demand of the traders for cash-balances

is equal to the total stock of money on the market.

The device by which utility is described as dependent

on a certain quantity of purchasing power held in the form of

money, rather than on money itself, is brought about by in-

serting the amount of money divided by a form of price-

level index in the utility function. This is an important

extension of the utility function. Thus, the apparently

innocent assumption of direct utility of money is seen to

involve the revolutionary innovation of utility being direotly

dependent on prices. The present approach describes money

holding in terns of all commodities for which it is destined

to provide the services of facilitating transactions, of

meeting contingency and of storing value. To be more precise,

a certain part of the money stook oarries out these services

for each good. That portion of money is divided by the price

of the good vtfiich it serves, the ratio is in the dimension

of the commodity, not in the dimension of money. The ocxnmod-

ities enter the utility function twice: once for their direct

utility, a second time for the direct utility of money hold-

^®The high price of a commodity might make it more desir-
able, for an expensive object derives charms from its pre-
oiousness and adds social distinction to the owner who exhib-
its it. This phenomenon too is described by the introduction
of the prices into the utility function. Such a refinement
of the analysis can be safely neglected in a general treatment.
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iag in the monetary services related to them*

Under the assumptions examined here, a change in a price

has the two well-known effects given by the fundamental

equation of value, to which one third effect should be

added* That effect operates on the amount of money demanded,

due to the fact that more or less money (according to whether

the price rises or falls) is necessary to carry on the same

real amount of monetary services as before. Such an effect

may be called the "purchasing power effect."

The main lines for the general theory of money, as

sketched above, were traced by Hicks in an address made in

21
1954 and Ihey were qualified and refined in his later works*

Hicks, however, is not very explicit about the way in which

the marginal utility method could be applied to money. Very

recently Samuelson made the suggestion of introducing money

into the utility function* In so doing, he committed one

error: he did not differentiate correctly In forming the

matrix where he represents the effects of a variation in one

price. 22 In an article published in 1948, Patlnkin represented

20 S. Slutsky, "Sulla teoria del bilaneio del oonsumatore,"
( Grioraale degli Economist! « LI, 1915) pp. 1-26. The properties
of the fundamental equation of value theory were studied also
by Hotelling, Hicks, Allen, and Samuelson.

2^J. R. Hicks, "A Suggestion for Simplifying the Theory of
Money," ( Economica , Vol. 2, Feb., 1935); and Value and Capital .

II ed. (Oxford: Clarendon Press, 1946), expeoially chs. XIII
and XIX.

22P. A, Samuelson, Foundations of Economic Analysis , p.l22,
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utility as dependent on the absolute amount of money, inde-

pendent of its purchasing power. This evidently described

the attitude of a miser. 23

The method of malysing the servioes performed by money

reveals the kinship of money and other claims on wealth.

Some olaims perform, with different efficiency, the four

main services of money: of facilitating transactions, of

storing value for future consumption, of lucrative specula-

tion, and of providing for contingencies. Some others do

not have some of these functions. Undoubtedly, however,

money performs the same functions as other securities. Money

has perfect liquidity or saleability, and bears no risk. It

also has the characteristic of being the measure of value.

Considering interest on a seourity (that is the luorative-

ness of that seourity) as a premium offsetting its inferior

degree of liquidity and its risk, it is concluded that, from

this point of view, money is the perfect security and the

degree of imperfection of other securities is compensated by

the interest rate charged on them. The difference among

securities is thus seen to be quantitative instead of quali-

tative. A distinction is to be made, therefore, for each

A proof that Patinkin is wrong is that in his case
the demands are not homogeneous of zero degree in the income,
in all the prices, and in the amount of money initially held,
as it is to be expected, a. Patinkin, "Relative Prices,
Say’s Law and the Demand for Money." ( Soonometrica. Vol. 16.
No. 2, April, 1948).

*
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security between classifications of its services; with respect

to the commodities whose transactions it facilitates, or for

vfcose future exchange it is stored; and with respect to the

type of service vhioh it performs.

The classification followed for the actual types of

securities is not important as long as the properties of each

type are known and securities en joying different properties

are not grouped under the same type. Three quarters of a

century ago, Jevons held a similar point of view about the

distinction between money and other securities. He explained

that the monetary services may be distributed among different

instruments and he added that it doe3 not matter what secu-

rities we call money; "Bullion standard coin, token coin,

convertible and inconvertible notes, legal tender and not

legal tender, cheques of several kinds, mercantile bills,

exchange bills, stock certificates, etc., are. • .different

kinds of things. "24 jn this study reference will be made to

"money* for the sake of simplicity and because this term is

customary. Money may be defined as a security bearing no

interest, riskless and perfectly saleable, vfoose nominal

value is invariant, or, what amounts to the same thing, that

is also the measure of value. As long as these require-

g4 ,

3* W. Javons, Money and the Mechanism of I&charige.
(London: Paul, Trubner, Trench and Go., 1907)7“



21

merits are respected, it does not matter so much what other

criterion is followed for the classification of security

types* In order to establish a clear-cut rule, however, it

would seem to be desirable to form a new type at the appear-

ance of the least difference in the properties of a security.

The writer fully agrees with Rist on his statement that

"what matters to the economist is not so much a good defini-

tion of money, as a knowledge and an understanding of

monetary phenomena." 25

As a conclusion of this discussion of securities it is

deduced that the relationships which were previously attri-

buted to money ought to be extended to other securities.

Utility is dependent also on other securities: all securities

enter the utility function in the same way as money. Hides,

in his latest works, and Marschak and Makower, in their

general theory of assets, reach the conclusion that pure

securities or claims and commodity-assets render the same

types of services. 26 Consequently, it is the task of a

general theory to stress the fundamental similarity of all

assets. For a necessary methodological limitation of the

field of analysis, commodity-assets will not be considered,

but here the competitive nature of all assets, securities

25
C. Rist, o£. oit .. p. 335.

26J. Marschak and H. Makower, oj>. cit . : J. R. Hicks,
Value and Capital , chs. XIII and XIX.
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and commodity-stocks should be emphasized.

The method of monetary analysis based on the assumption

that a satisfaction is derived from holding money and secu-

rities is free from the criticism of neglecting one or all

monetary services, which was levelled against the other

approaches previously examined. Furthermore, it will be

shown to have the advantage of being consistent with both a

static system, with no time-expectations in the utility

function and with a system comprising time-expectation in

the argument of the utility function, which may be called a

quasi-dynamic system, or an economic plan. 27 Obviously, the

two systems are mutually exclusive, and the former is just a

methodological limitation of the latter.

The static system has the advantage of a greater sim-

plicity. It also shows that a static framework is not

incompatible with monetary analysis. This wa3 denied by the

cash-balance theory and by the time-expectations approach.

Similarly, the concept of money is seen to be consistent

with certainty of expectations. It will appear from the

results of the quasi-dynamic system that one reason for its

27J. L. Mosaic, G-eneral-Sauilibrium Theory in Inter-
national Trade . (The University of Chicago, Monograph No. 7,
Cowles Commission for Research in Economics; Bloomington,
The Principia Press, 1944), pp. 131-132; H. Makower, and J.
Marschak, 0£. cit. ; 0. Lange, Price Flexibility and iAaploy-
ment , (Cowles doinmission Monograph No. 8, Bloomington , 1944).
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superiority lies in the distinction it makes between the

transactions service and the contingency and speculation

services of securities.

The high degree of generality which the present approach

enjoys and the fruitful information that it yields to the

analysis, together with the intuitive reasonableness of the

basic hypotheses, decided for its ohoice in this study.
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CHAPTER II

DISCUSSION OF METHOD

The preceding discussion of various approaches to mone-

tary theory was mainly concerned with the realism and gener-

ality of the assumptions on which they are founded.

Methodological considerations were only incidental. For a

proper introduction to the analysis of the approach whieh

was selected in this study such considerations are to be

complemented by a more systematic discussion of method, and

the field of analysis is to be carefully delimited.

The assumption that holdings of pure assets, or claims

to wealth, afford a direct utility makes possible the exten-

sion of the theory of economic choice, based on the method

of marginal utility, to monetary relations. By means of

this theory, for any set of prices and interest rates, the

quantities of commodities and securities demanded by the

individual are derived from a group of utility assumptions.

The quantities demanded, therefore, are the subjective

elements of the system; and so are their relationships with

the prices and the interest rates. The subjective elements

above cannot alone determine prices and interest rates, and

for this reason they must be studied in conjunction with

other, objective, factors. These other factors, together
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with prices and interest rates, none of which are determined

by marginal utility computation alone, may he called the

objective elements of the system.

A definition of the utility concept was taken as the

starting point, and on this foundation, a theory of economic

choice will he constructed. Hence, most of the present

analysis will be based on subjective terms. This has the

advantage of requiring a small number of intuitive assumptions

and of offering a central unified formulation which invests

the analysis with a higher degree of generality. This

methodological limitation of the field to the subjective

elements, however, will not affect greatly the significance

of the results, for the subjective sphere is undoubtedly the

most important in monetary analysis. The subjective sphere

appears to be the only one where real progress ©an be made,

as the tread of recant monetary theories seems to show. It

3eems to be the most controversial field Where the essential

points of discord among monetary doctrines are most often

found.

The analysis of the objective elements will be avoided

in this work. When necessary to the analysis, however, there

will be selected general objective assumptions, and they will

be justified on a theoretical basis sufficiently broad to

permit their being accepted as "working hypotheses." Accord-
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ing to the nature of the problem, an objective assumption

which has a neutral effect on the system might be adopted,

or different objective assumptions might be tested concur-

rently.

A further classification of the framework which will be

examined into micro- and macro-systems is to be made here,

since the subjective and objective elements play different

roles in each class. In a micro-system, the analysis of

marginal utility obeys the following deductive scheme: it

is constituted by a subjective groundwork which determines

the individual demands for commodities (and for money and

other securities); which also determines the variations in

these demands corresponding to variations in the other

factors of the system. The summations of these individual

quantities and of their variations furnish the logical basis

for a theory of market stability. By means of this frame-

work a formulation of security and commodity relationships

is attained, which is organic as well as homogeneous and

plural. As it has been pointed out in the first chapter,

tentative systems will be set up, mutually exclusive, each

one affording particular advantages to the analysis. They

may, therefore, be divided into two classes: those belonging

to micro-economies, and those belonging to macro-economics,

i.e., those constructed on aggregates.
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in the micro-systems
, the objective elements play a

single role. They are the prices, the interest rates, and

the quantities of commodities and securities supplied to the

market by the individual. They appear as given quantities,

which cannot be modified by internal elements of the system,

but only be external means. In mathematical terms, they are

conditions of the system, or parameters, independent of the

variables. Their relationships are not described by the

analysis, but accepted as historical elements or data.

Objective elements are involved in the macro-systems in

a more organic way: in the theory of aggregates, all elements

whose amounts are not determined by the micro-systems, may

be considered as objective. Objective and subjective factors

have the same formal characteristics for the solution.

Supply, as well as demand
, contributes to the determination

of market variables (prices and interest rates) as illustrated

by the classical figure of the scissors » blades.

In broad lines, the objective relations are aspects of

the theory of production and reflect banking and governmental

policies. A systematic treatment of the theory of production

is not necessary for the purpose of the analysis of aggre-

gates, that is, to determine the conditions for market

equilibrium and market stability. The latter conditions

imply the study of the behavior of the demands for atft supplies
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of commodities and securities with respect to variations in

aU prices and all interest rates in the proximity of the

equilibrium point. The variations in the supplies of

securities are subject to three different kinds of relation-

ships. Their behavior is studied by the theory of choioe

for the class of consumer loans, by the theory of production

for the security issues destined to finance new capital

investment, and by means of the introduction of new inde-

pendent variables for the Issues of governmental securities,

due to independent economic policies. In particular, the

variations in the supplies of the second class of securities,

with respect to prices and interest rates changes within a

3mall range around the equilibrium position, loosely repre-

sent new investment which is related to the same variables.

There is no exact correspondence between enterprises* issue

of securities and new investment, because the latter may

also be financed from a direct allocation of a part of the

profits, subtracted from the dividends.

Aooording to the limitation of the theoretical field,

supply relationships which are solutions of the production

system, will bo introduced in the form of mutually exclusive,

"reasonable* hypotheses. The conditions will then be

examined which must bind the variations of the demands alone

for market stability. The alternative hypotheses v4iioh will
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be suggested about the variations in the supplies of producer

securities can be, therefore, interpreted as hypotheses on

the shape in a small region of a schedule of efficiency of

capital, in a poly-dimensional representation, where the

other ordinates are the prices and the rates of interest.

Banking and governmental policies, besides production,

belong to the objective elements of the theory. These poli-

cies may be divided into two main categories: the ones dic-

tated by laws and other regulations, and the ones left to

the discretion of the executive agencies. Both categories

are manifestations of will and could consequently be studied

by the theory of choice. The present approach is different.

The theory of choice, presented here, studies only the normal

economic behavior, common to all consumers and all enter-

prises and based on very general assumptions. A specific

fact such as the decision of an executive agent affecting

any aggregate value, does not yield significant information

to a subjective analysis ofthis type. Likewise, the marginal

utility tools do not permit a subjective study of the forma-

tion of a law of general economic strategy. Issues of

government loans, bonds, consols, eto., the quantity of money

in circulation, and the bank rates of interest are the result

of economic policies. As noted above, such policies should

be represented by *ulterior,* independent variables and
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assumptions. The hypothesis of constancy of the amount of

money, both simple and fairly realistic, at least for very

short periods of time, will be applied extensively in the

latter part of the study.

The formal scheme, applying to uniform relations of

historical facts, must also be oast in a time framework.

Some economic theories dispense with the treatment of the

time element, some others conceive different forms of time

analysis; but in any case an economic model refers to faots

which take place in time and represents a specific interpreta-

tion of relations in time. The time structure is then a

criterion for the classification of economic theories, which

is common to all of them. With this respect the theories can

be ordered by their relative degree of generality. The most

general formulations are those which extend the analysis over

periods of time of any length, because they include the

instantaneous or static structures as special (very restric-

tive) forms. They are usually designated under the name of

process analysis. Static models may be considered as limited

dynamic models; however, the truly dynamic, or non-statio,

models should be differentiated from them. Hence, only non-
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static systems shall be denoted by the tern dynamic. The

credit for a correct definition of dynamic structures goes

to R. Frisch. A dynamic structural relation is one which

contains at least one variable which is related to different

points of time. 1 This may be because the equation involves

either time derivatives, or time integrals, or lagged and

unlagged values of the variables. 2 Process analysis offers

serious difficulties, because the methods suited to it which

are available in pure or applied mathematics are fragmentary,

yet complicated, tools not easily handled.

In agreement with Samuelson* s discussion of dynamic

models, the process analysis frameworks may be classified

into causal and oausal-stoohastical, historical and historic-

stochastioal types. A system is defined as causal at any

time if its solution depends only upon the conditions at an

initial point of time and the period of time elapsed since

that initial point. A oausal system is also known as an

endogenous system. In fact, all the elements for its solution

1Samuelson qualifies this statement by requiring that the
variables be economically significant and that they be in-
volved by the system at different points of time in an irre-
movable way. (Foundations of Economic Analysis . p. 314. ) To
this it should be added that the variables are to be objective.
A model comprising time-expectations, for instance, does not
3eem to be dynamic.

2R. Frisch, *0n the Notion of Equilibrium and Disequi-
librium, * (Review of Economic Studies. III. 1935-6. on. 100-
106).

~

®P. A. Samuelson, oj). clt .. pp. 315-316.
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are contained in the initial conditions and in the structure

of the set of equations. Historical models can be of the

mixed endogenous-exogenous type or of the exogenous type.

Such models express the impact of external causes, or factors,

upon the variables under consideration. The exogenous type

depends only on present time; it contains no initial condi-

tions. The mixed type is essentially a causal system, subject

to impulses from factors which are not analysed. Mathemati-

cally, the external oauses, characteristic of an historical

model, are represented by the appearance of time explicitly

in the functionals. The stochastioal complication describes

a pattern of random shocks impressed on the system.4

A causal scheme vfoieh is transformed into an historical-

causal one, albeit yielding the same results, loses gener-

ality because this can only be effectuated by leaving some

variables unspecified. Quoting P. Samuelson: *Any historical

system may be regarded as an ’incomplete* one.**
5 It is a

well known observation that frequently the usual forms of

reality can only be described with a close approximation by

very complicated logical schemes, while special cases of

those forms, which are the product of a rare coincidence of

4An example of a mixed stoohastieal model may be found
in Schumpeter’s theory of the business cycle, which stresses
the accidental origin of the oscillations. (J. Schumpeter,
The Theory of Economic Development . Cambridge, Harvard
University Press, 1936, Ch. Vl7)

5P. A. Samuelson, op . cit. , p. 319.
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factors, are described by simpler schemes, An instance of

this principle is to be found in time analysis, where in

order to simplify the theoretical reasoning more special

cases are hypothesized by increasing the number of restric-

tions. It has already been noted that historical systems

are less general, from a broad point of view, than causal

systems. Si the dynamic field, a whole gamut of increasingly

special oases is obtained by limiting and simplifying the

schemes. A particular case largely adopted especially in

price investigations is given by linear systems of functional

equations, involving first derivatives with respect to time.

The most restrictive models are in the field of static

analysis. They are presented here as particular eases of the

dynamical variety. It could be shown that, by relaxing some

of their assumptions, they would expand into dynamic struc-

tures. The most general among the static models belong to

the continuous historical variety, conceived as a cross

section of time; time appearing explicitly in the parametric

form. Such models are less informative than the ones to

which we have already referred. They imply the restrictive

hypothesis that equilibrium is reached by an instantaneous

process. There is also a discontinuous historical type whioh

applies to points of time separated by analytical periods and

is based on the assumption that in reality the eoonomio forces
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operate to establish equilibrium only at those points of time.

A higher degree of generality is attained by the static

historical systems when their solutions still apply only to

one point of time, but are affected also by subjective quanti-

ties at different points of future time, explicitly included

in the systems. They are not dynamic systems, for the

variables involved at different points of time are subjective;

they are time-expectations. For lack of a better expression

they will be referred to as quasi-dynamic systems.

The static method is often associated with the concept

of stationary equilibrium. Such a tendency in economic

literature is justified on theoretical grounds. The station-

ary equilibrium is taken to define an economy in which the

variables have either a constant or a periodically repeated

behaviour. Indeed, a stationary equilibrium with quantities

constant in time is described as fully by a statical method

as It is by a dynamic one; that is to say, a statical

representation of constant stationary equilibrium is perfectly

general and does not neglect any significant elements. It

is needless to say that the stationary case introduces such

restrictive assumptions as to give the analysis a very low

grade of generality, although the method of analysis is

perfectly suited to it. For an oscillatory stationary equi-

librium the statical methods also appear to attain good



35

approximations

•

6

This sketchy classification of time structures is

sufficient to define the degree of generality and the posi-

tion in the total picture of economic theory of the systems

that will be discussed. The attention of the reader will be

first called to micro-systems of the simpler types, the

stationary type and the types which we designated as dis-

continuous historical statical varieties. Then a quasi-

dynamic micro-system, or economic plan, will be studied,

where the individual equations contain Variable expectations

of variables and parameters in future periods of time.

Hbcpeotation3 will be taken at first as definite and unique;

in a further phase this assumption will be relaxed and a

probability analysis will be introduced. The quasi-dynamic

micro-systems are essentially static, because they give a

solution at one point of time only. The advantage of such a

representation over other statio systems consists in the

explicit introduction of subjective, dated factors (the time

expectations), so that, although the actual time behavior is

^The mathematical conditions describing a stationary
state are listed by Frisch as follows: 1) all time deriva-
tives are equal to zero, 3) the ordinates of the lagged
variables and the ordinates in the time integrals have been
the same in the past as they are at the point of time con-
sidered. (R. Frisch, *Ch the Notion of Kquilibrium and Dis-
equilibrium*) It is evident that, under such conditions,
any dynamic model can be transformed into a statio one,
without loss of generality.
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not described, the result is not detached from time considera-

tions and is, therefore, more articulate and informative. A

number of factors appear in quasi-dynamio systems, -which are

all lumped together under the heading of "tastes 1* in the

strictly static expressions, There are two varieties of the

systems in consideration; the well-known period analysis of

the Hicksian and Robertsonian type7 and the continuous

analysis. Period analysis is based on functions containing

variables at different points of time taken at arbitrary

equal intervals. By conceiving the intervals as infinitely

small, functionals are obtained, instead of functions, and

the analysis becomes continuous in time. Clearly, period

analysis is a special case of continuous analysis.

The utility of micro-systems in the study of applied

economics consists in the light that they throw on the under-

lying relationships and in the aggregate results achieved by

adding together the individual quantities and variations,

Statio aggregate models will be constructed upon the results

of micro-systems, of the same type as appear in micro-

economics, Also a dynamic aggregate model constituted by a

system of linear differential equations will be studied for

7J. R. Hicks, Value and Capital. Ch. IX; D, H, Robert-
son, Banking Policy and the Price Level (London: P. S. King
and Son, 1926), p, 60

.
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the conditions of stability. In the preceding classification

such a system is defined as a special case of the pure causal

model. Ho historical or stocha3tical schemes will be con-

sidered here. The present study, which attempts to extend

the general theory of value to the monetary field, will make

extensive use of mathematical reasoning, that proved its

usefulness in marginal analysis.

The essential mathematical tools applied can be found in

economic literature. Some problems require a refinement of

the tools, like the special bordered Hessian giving the

second order conditions for a maximum of the utility in the

discontinuous analysis of the consumer’s plan. All the

mathematical theorems involved in the analysis are well

established and well known.



PART TWO

STATIC MODELS
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CHAPTER III

ANALYSIS OP THE INDIVIDUAL BEHAVIOR

A. Statement of Assumptions

The static framework appears to offer the simplest form

of mathematical analysis of the choice of the individual

trader. According to the approach to the conoept of utility

which was described above, no attempt is made at specifying

its nature, but the device is applied of adopting a *work-

ing* set of assumptions about utility relationships, which

comprises, for the sake of generality, only those assumptions

which bear on the stability of the system. These assumptions

are stated here below. Utility is a quantity, not measurable

directly, that is a function of the quantities of the goods

toward possession of which the economic activity of the

individual is directed. Such a function is defined as unique,

continous, and possessing continuous derivatives of at least

the second order; some cross derivatives of the second order

may be equal to zero.*1
- The individual attempts to maximize

^The ordinal character of utility is well know. Any
monotonically increasing function of the utility function
does provide the same first and second order conditions
for a maximum as the original utility function. See, for
instance, J. R, Hicks, Value and Capital . Mathematical
Appendix.
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his utility under the constriction of his limited budget* In

order to attain a unique maximum solution, the condition must

also be imposed that there is one end only one collection of

goods which will give a restricted maximum of the utility

function for any given budget ,
2 The necessary and sufficient

conditions imposed on the derivatives in the proximity of the

maximum, or equilibrium point will be carefully stated in the

course of the argument. At the present state of knowledge no

empirical investigation on the shape and the characteristics

of the function seems to be possible. Fortunately, direct

observation furnishes two sure elements from T&iich reliable

deductions can be derived; the fact that the individual seeks

the maximum of an undefined subjective quantity and a condi-

tion of stability which generally prevails in the behavior of

the individual and in the market.

The money appearing in the systems of thought to be

developed in this treatise is not necessarily a standard

durable commodity with utility for uses other than its

servioes in the quality of currsnoy (as it is in the scheme

of Pareto), but can be as well a convertible or inconvertible

%f any point on the utility surface by a proper choice
of the parameters (the budget, the prices, and the interest
rates) can be made a maximum, then for a given set of para-
meters there is only one collection of goods that maximizes
the function. The uniqueness of the restricted maviirnim is
consequently a necessary property of the utility function,
even if it is not explicitly stated, provided a mmH nmm exists
for any collection of goods.
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paper money. As was indicated previously, the systems

studied here include also other securities of any type. With

respect to the services which they perform, money and securi-

ties are homogeneous goods. The fact that money and securi-

ties really are homogeneous is confirmed by the inconsistency

among writers in placing the line of distinction between

money and securities. If, on the other hand, the principle

of homogeneity is accepted, it provides a concrete basis for

a definition of money. Money is a security which bears no

interest and conversely a security which bears no interest

is classified as money. In Hicks* words: ^Looked at in this

my, money appears simply as the most perfect type of securi-

ty; other securities are less perfect, and command a lower

price because of their imperfection.*3

Modern theory was related above as stating that securi-

ties have a direct utility, beside the indirect utility con-

stituted by the utility of the goods which can be purchased

by their exchange. The direct utility of securities arises

from the fact that they are held in certain quantities.

Securities and money perform their services either by being

exchanged or simply by being held, but in both cases their

stocks only will appear in the utility function, not their

3J. R. Hicks, Value and Capital , p. 163.
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flows. Neither will their velocities, i.e. the ratios

between the flows and the stocks, be in the function. As a

matter of fact, the fluidity and continuity of the flows

have a direct bearing upon the efficiency and utility of the

securities, but they are not elements of the individual’s

choice; they are governed by institutional and objective

economic conditions. The only deoision which is left to an

individual in this matter is about the quantities of securi-

ties to hold within the limits of his budget. With regard

to their subjective properties, securities oould be compared

with any durable commodity stored for any purpose. This

study will not, however, consider commodity assets in order

to simplify the exposition.^ First, a static system of

equilibrium for the individual trader will be considered,

because its analysis possesses a great simplicity and is

similar to a model often recurrent in the literature. During

the discussion in the second chapter, it was shown that a

^The static model will be restricted by a set of
assumptions concerning the individual expectations of future
incomes and future market conditions, which will be indi-
cated at page 57. In a footnote to the same page it will
be shown that under such assumptions the demands for
commodity assets behave similarly to the demands for the
commodities to be consumed within the analytical period.
Thus, the exclusion of commodity assets is just a convenient
limitation of the field of analysis, which oan be readily
lifted at will.
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static system describes a stationary case thoroughly, and with

no methodological restrictions, Stationary equilibrium is

brought about by a very special concurrence of conditions,

which is strikingly rare among economic phenomena. The

present system may, however, be adapted to more realistic

eases, by the device of representing its parameters as func-

tions of tin© and of choosing a very short analytical period,

within which actual oscillations would not be of importance.

The individual expectations of future incomes and of future

market conditions affect the system, but they do not appear

explicitly in it. If the equilibrium of the system is to

be determinate at all, time-expectations are to be governed

by a group of assumptions. The third section of this chapter,

dealing with the adjustments of the static model to changes

in the parameters, contains a discussion of the behavior of

this model corresponding to shifts in time-expectations. In

that connection, the assumptions of stationary time-expecta-

tions will be selected fbr the working of the static model.

B. The Equilibrium Position

The attention of the reader is called to the utility

function for the individual. For the reasons previously

expressed, there will be holdings of money and other securi-

ties in the argument of the functions. Whatever the services
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be, which the holding of any security performs, the amount

of these services is not related to the nominal value of the

security but to the amounts, which the security commands, of

the goods to whose purchase it is destined. For instance,

the quantity of cash that the housewife holds on hand in

order to facilitate her purchase of groceries would ohange

directly with a change in their prices, if she should deoide

to purchase the same amounts of groceries as she did before

the change and if the marginal utility of expenditure should

not vary.

The quantity held of any security may, therefore, be

divided into the portions of it which are destined to

facilitate transactions, to meet contingencies, and to shift

purchasing power to future periods, for the purchase of each

commodity. Returning to the illustration of the housewife,

she holds part of her cash for the transaction and contingency

services which it performs with respect to her purchase of

groceries and, possibly, for saving purchasing power to the

end of buying groceries in the future. Other parts of her

total cash she holds for the same services with respect to

each commodity entering her budget. These services with

respect to each good depend on the portion of cash allocated

to them, divided by the price of the good, as well as on the

amount of the good which it is planned to purchase and on the
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conditions of its sale, ready cash, acceptance of checks,

etc* In the utility function, therefore, securities may

appear separated into the portions described above, each

divided by the price of the commodity to whose purchase it

is assigned* The amount of the commodity to be purchased

and the conditions of sale are taken care of by the structure

of the function*

The utility function can be written as follows:

(1) u(t0 ) = -
j8jl(t°

-> ,

(i — l,2,***,n)

Pi<V (J = 1.2,»i<V

where u is the total utility for the individual, {i -

1, 2,.**,n) is the total quantity of the i-th commodity

which the individual purchases on the market at the point

tp of time for his consumption during a period of time

beginning at that point and of a definite length ?=. The

function comprises money and m other types of securities.

M* is the portion of money end (j » l, 2,...,m) is the

portion of the 3-th kind of security, destined to the pur-

chase of the i-th commodity with which the individual leaves

the market and vhieh he will hold during the period £.

pi is the price of the i-th commodity and rr^ is the price

of the 3-th security.

The utility function is sub3ect to the constraining

m)
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relation of the budget

( 2 )

n n m n
= E p,x.+ E M.+ E E
1=1 1 1

1=1 J=1 i=lVji
9

which states that the amount of purchasing power possessed

by the individual Is the same before and after the instan-

taneous market operations. The barred symbols represent the

initial quantities of the goods, or the quantities of the

goods supplied to the market, n is the principal, or par

value of the j-th security, r. is the interest rate of the
J

J-th kind of security fbr a period of length ending at the

point of time to. The variables to be determined are the

xj/s, the Mi*s and the sji*s. The parameters of the system

are the %*s, I, the s\j*a t the Pj/s, theTTj S, theTTj0 's

,

the Aj S, and the tastes of the individual expressed by the

shape of his utility function. They represent the given

data of the system.

The problem will be to find the first and second order

conditions for the maximum value of the total utility of the

individual subject to the limitation of the budget. Mathe-

matically, this is expressed by maximizing the function

defined in (1) under the constraining relation (8); that is



46

to say, by maximizing G in the following expression:

0 = *(x
t .

ill, Hili) - x
tl.8

( 3 )

n _ n
E p4 ( x. - x, ) + E M. - 1?

1=1 1 1 1
i=l 1

+ E
J=1

n
e
j
(V "joV = Max.

( i—1 ) ? i • < | n)

( J—1 »2,...,m)

where X is the Lagrange multiplier. 5 The first order condi-

tions are obtained by taking the first derivatives of (3)

with respect to each variable and by setting them equal to

zero. They are

(i — 1* 2 , ..., n)

( J = 1| 2, ...f ®)

n __ n m
( n A

E p,(x - x, ) + E ML - H + E J it. E a - e (tv + n r ,)l = 0
1=1 1 1 1 1=1 1

j=i\ h=l J 1 J J J° J J

®It will be noticed that income does not depend upon the
choice of the individual, l.e. does not enter the utility
function, in contradiction with the principle established by
Senior about disutility of woik. The amount of income con-
tained in the budgetary eq, (2) is given, end its causes be-
long to the past, but future income could enter the present
utility function. Against this point of view it can be ob-
jected that in modern economies incomes are often rigid and
labor is subject to standards {number of hours, specific re-
quirements, etc.) so that income can be taken, at least over
a short period of time, as independent of the individual^
choice.
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The equations are the same in number as the unknowns , end
LV

.

•

'(

consequently provide a solution determining all the unknowns*

/ ' j i j
They read as follows; the utility of the marginal unit of

/ / ;

the standard of value spent on consumption ©sods, which proves

to be X ,
is equal to the utility of the marginal unit held

I \ . 1 Y\ “

in the^foim of a security and destined to be spent on any

commodity, i.e.^r andTTj asj[*

<1 — —n*.i l ..—'.1.1 .. . i .nil .1

it is wished to reach a result independent of the
cardinal measure of utility, the analytical expressions for
the indifference curves of any pair of goods can be written
as follows:

x<p, ••*, 3Cj,, *n » —™l ^
) = const*

P«' P*

l/OO O Mi Mp Hi, TT »8 «.

9 ( x , Xp , . • . , x , • • • i x j » -——»*•»» > » « »

i

—nj hi ) — const,
x c ” n-nt)^ ^ On

Pl P2 Pn P
1

(l — 1, 2 , * * • , n) ( J — 1, 2, • • •

,

b)

in which the variables with the superscript £ have the values
given by the solution of equations (4). Thebudgetary restric-
tions for the same pairs of goods are of the general form.

P
r
*
r
+ Pr+i*!**!

31 const. ; pr
x^+ Mj* const, j etc.

Taking the differential of both sets of equations, it is
obtained

+ fjL «Vl = ° * +
h
= 0 « etc.

ibnd prdxr + Pr+ldXr+l “ °J Pr^r <31% * °J ®bo. Whence the
following solutions are immediately derived.

pr dx—.
-j

dMh dMh tt ds

„

** ds
r+1

dx.

dMh
p_ = - ir dx„r

dHp
’

q+i q,h



This framework stresses the way in which utility depends

on stocks of securities and in vfeieh the services performed

by the securities are related to the commodity prices, Bvi-

the i-th good, so that the i-th good appears in the argument

of the function (a 8 ) times* once for it3 own consumption

and (m l ) times for the services which money and the other

m securities perform with respeot to its purchase. A less

informative and less suggestive set-up, but also a simpler

one, consists in writing the utility function in the following

form, analytically equivalent to {1)

where M = I M, , and 8 , = E s ,, .

i=l
1

* 1=1

At equilibrium, the marginal rate of substitution between any
two commodities is inversely proportional to the ratio of
their prices. The marginal rate of substitution between the
portion of money held for the purchase of the h-th commodity,
and the r-th commodity is equal to the price of the r-th
commodity. Similarly, at equilibrium, the marginal rate of
substitution between the portions of money held for the pur-
chase of the h-th and the r-th commodities is equal to unity.
Moreover, the marginal rate of substitution between the por-
tion of the (q l)th security destined to be spent on the
r-th commodity, and the portion of the q-th security held for
being spent on the h-th commodity is inversely proportional
to the ratio of the security prices, etc.

( 5 ) (i— 1, 2, ..., n)

( J —• 1 » 2, ..., ffl)• • •

»

n n
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The budgetary constraining relation (2), then, becomes

(6)

B(t0 )

=J1
P1T1 + If + "

Jo
Pj>

.. m
= E p,x. + M + S H,8, ,

1=1 11
J=1 J J

^ H 1*18#
Define Q* ~ > sud — » •

1 pi j1 pt

The first order conditions for the maximum of the utility

function (5) under the constraint (6) are

au

ax.
x, (i— 1, 2 , • • • , n)

(7)

au

aM
J au aq* * 1 au _ \

1=1 8<
!l ”i=l Pt »<!l

» =£ 2L. *&.i <J=1,2 m)

J
1=1 a<s

jl
as

J
1=1 p

i
a<r

Jl J

m
E p.(x.- x.) + M - E + E

|
tt b .» s,(n + - , - ,

1=1
1 1 1

j=l \ J J J ^ J
u.^r.H = 0 •

Here again, the equations are the same in number7 as the

7They are equivalent to the conditions which we would
obtain by setting the derivatives of (3) with respect to M
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unknowns and, therefore, will in general furnish a solution

for them, These equations state that, at equilibrium, the

utility of the marginal unit of the standard of value held

in the form of any security is equal to the marginal utility

This result is to be interpreted in the light of the

properties of the securities, A security is characterized

by its degree of liquidity, or saleability, of lucrativity,

and of risk. Securities with a very high degree of liquidity,

as well as money which is perfectly liquid, are used for

facilitating transactions. Bills of commerce, for instance,

are held for transaction purposes? if their efficiency as

means of exohange should increase, and more payments should

take place by their means, their utility for the traders

would increase. The contingency service is performed by these

and sj equal to zero. Define q
' -

, and <r' m ZLlili
;

Pi jl p
the conditions are

1_1 ?q» SMi aM

^4* 1,2
as_ as. J

» • • •

»

m)

it does not seem to be possible to determine the values of the
partials of Mj. with respect to M, and of sji with respect to
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securities and also by less liquid ones; for such a service,
f

/

the lucrativeness of the asset is not overlooked. Beside

these two services, securities are held for the purpose of

speculation in sensu lato . which is here taken to sigaify the

shift of purchasing power to the end of the period in order to

increase the size of the future budgets, and to profit from

the interest earned by the securities and from variations in

their prioes. The property of lucretiveness of the securi-

ties outweighs the property of liquidity in the speculation

service. The degree of risk is an important element in all

securities, but probably les3 important for those portions of

the securities which are held for transaction purposes.

The marginal utility, therefore, of holding a security

is equal to the sum of (1) the marginal utility of the security

deriving from the advantage of commanding it at present, i.e.

from its transaction and contingency services; and (S) the

marginal utility of expenditure in the next period multiplied

by a factor representing the gain in interest and the gain

or loss resulting from the variation in the price of the secu-

rity, i.e. the marginal utility of speculation, as it was de-

fined above. A static analysis of the mathematical type pro-

duced here is not suited to distinguishing among the services

related to liquidity and speculation, and isolating the specu-

lation service as would be desirable in order to develop



the 3tudy of the Impaot of the interest rates on the system.

The rates of interest appear only in the constraining rela-

tion of the budget. It would be desirable to have them

appear even in the other first order conditions expressing

the proportionality of the marginal utilities, because they

actually affect the individual choice. This argument will

be discussed in the next chapter. These objections do not

refer to the formal correctness of treating stocks of securi-

ties in a static analysis of stationary and even non-station-

ary oases, but they cast doubt upon the usefulness of such

an approach.

C. Comparative Statics

The equilibrium position is determined by the first order

conditions for the restricted maximum of the utility function.

The variations will now be analyzed in the equilibrium quanti-

ties demanded, corresponding to variations In the parameters

of the system. For a greater simplicity in the notation, and

in order to stress the fact that money is a security like any

other one, s^ will be taken to represent money. The price of

this security will be, therefore, equal to one, for money is

the measure of value, end its rate of interest equal to zero;

or, TT^ - 1, r^ - 0. Up to this point the present system

comprised money and m other securities; the total number of

securities, money included, is now taken to be equal to m.
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i* The second order conditions for a maximum are that the

quadratic form of the second derivatives of u, appropriately

restricted by the budget, be negative, or the equivalent

conditions that the following restricted Hessian and its

principal minors are
Q

alternate in sign, or

0 p
i

'

pn % TT

m

P1 *Vi i
Ux

l
x
n

Ux
l
8
l •

Ux
l
8
m

n+m
<g) (-1) pn "Vi • U

*nsl
• Ux

n 8m

"I
u
Vi . u

8
l
x
n

U8
1
B
1

^8 B®1 m

TT
ffl

uVi •

'Vn "Vl .
u «
s
ra
8m

The symbol Uj stands for * etc *

The cross derivatives of utility with respect to a

commodity and a security signify the direct change in the

marginal utility of every commodity and security with respect

to a unit increase in every security and commodity. Such

relations may be thought to be negligible, if existent at all.

^Theodore Chaundy, The Differential Calculus (Oxford:
The Clarendon Press, 1935), pp. 256-259. Aotually, such
sufficiency conditions for a maximum are not at all necessary.
There is a semi-definite case, where the Hessian vanishes.
In such a case derivatives of higher order should be con-
sidered. See also pp. 247-248 and oh. X in the same work.
In the following discussion this fine point will be overlooked.
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Indeed, it is reasonable to assume that an inerease in the

individual’s demand deposits affects the utility for him of

his cash holding; but by how much can this increase vary the

satisfaction vhich the individual derives from the same

amount of food consumption, etc.? The only thesis in defease

of the cross derivatives in question is that, ceteris paribus .

an increased security holding might affect the *mood* of the

trader and make him desire more or less the consumption of

any commodity. Of course, the determinant of the sufficiency

conditions for a maximum is more general, where it comprises

all the terms of differentiation. The cross derivatives with

respect to a commodity and a security will, however, be

considered as equal to zero only vhen this will be neoessazy

in order to reach definite results.

From the definition of the utility function as unique

and continuous, it follows that
# etc., or

that (8) is a symmetrical determinant. By differentiating

the set of equations (7) with respeot to any initial value

and condition of the system, the solution is obtained for the

variations caused in the equilibrium values of the variables

by a ohange in the initial value or condition. The analysis

of these variations is the analysis of the individual demand

functions in the proximity of the equilibrium position. The

shape of such functions is especially interesting, because
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the behavior of the individual demands forms the basis for

the market behavior.

ii. The disoussion of the effects of changes in the

parameters of the system gives relief to the element of time-

expectations which actually affect all parts of the system,

inasmuch as the static system takes into account stocks

carried over to future times. In an economy, indeed, where

there are no stocks, future expectations have no way of

influencing the determination of the equilibrium position.

The more realistic picture, hovvever, of an economy where the

individual is able to store purchasing power requires considera-

tion of his more or less certain expectations of future prices,

of his future income, etc. The treatment of the elements of

uncertainty and risk is reserved to the sixth chapter. For the

present one may adopt the convenient device of referring to

"representative* time-expectations, or those certain expecta-

tions under which the individual demands would be the same as

under the actual uncertain expectations. 9 This system is con-

structed in a time framework; it describes a market in whioh

all transactions take place at instants of time separated by

equal intervals, the analytical periods. The equilibrium

situation is instantaneously reached at these points of time,

9See J. R. Hicks, Value and Capital , p. 126; J. L. Mosak,
op . cit . . p. 129.
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at which the individual provides himself with the amounts of

goods which he plans to consume during the coming period, and

with the amounts of securities which he intends to hold.

Suppose that a parameter, explicit in the system, varies,

e.g. a present price rises. It might he expected either to

stay at the new level in the future, or to depart from it.

If it is expected to rise still further at the end of the

period, a lesser amount of taie commodity will be planned to

be bought in the future, and lesser amounts of securities

will be demanded to be held for such a purpose. The contrary

reaction will occur if the price is expected to fall. The

security demands depend on time-expectations which do not

appear explicitly in the system in the form of parameters.

A similar reasoning, as for a change in one price, is valid

for any other explicit parameter. The mathematical analysis

can handle this complication, either by stating that time-

expeotations affect the shape of the utility function, or by

inserting them into the argument of the function. The first

alternative belongs to the static model, the second one is the

innovation which is the basis of the economic plan that will

be studied in the third chapter.

The functional relation of the static model, discussed in

this study, to time-expeotations is such that it is obviously

unsuited to treat different variations in them. One more
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limitation will have, therefore, to be imposed on the subject

matter of the static system,hence the assumption will be made

that all explicit parameters, prices, interest rates, and the

quantities of commodities supplied to the market by the

trader, are expected to be constant in the future and their

present changes are expected to be permanent. This very

strict assumption which should not be confused with the one

of a stationary situation, greatly impairs the significance

of the results, and will be dropped in the quasi-dynamic

analysis of the third chapter. *-0

^This assumption, however, peimits a facile statio
treatment of commodity assets, while in its absence such
assets would complicate comparative statics with serious
analytical difficulties. Insert commodity stocks, denoted
by the symbols y^ (i - 1, 2,..., n), into the static model.
The equation to be maximized becomes

(i — 1, 2, ..., n

/

( j = 1 » 2, ..., m)

The necessary conditions for a maximum with respect to
commodity demands are

. * . • n)
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1* The effeots of a -variation in the individual supply,

given by the parameters and s* will first be considered,
* •

The procedure of differentiation will be followed only for a

ohange in the initial supply of money, s^, and the results of

variations in the other parameters and *Sj will be stated

without proof, the method applied being the same,

® as
,+ E rr —11 = 1

J=1 ^

a. Let s^ vary. One obtains

2 ax,
L> p,
-1 1 ^1=1

n
E uv _
i=l

x
lxi

ill + E ux R
ill =

ae^ J=1
0

( 9 ) - P.

•X n
E u.

n al, 1=1 *nxi
ill + E u.

as

1=1 as.
1 J=1

X« S
J a*!

= 0

aX n
+ E u
i=l

8lxi

ax.
f E u

3 8^ S8j
0

a
- tt.m

A n
—— + E u

i=l
snxi a*^

®xi + E u
J=1

as

8 J 88,

The conditions for the dvsands for commodities destined to
immediate consumption and for commodity stocks are equal, and
under the assumption envisaged above, they remain equal under
change in any parameter. The two sets of demands do not,
therefore,need to be differentiated (distinguished).
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Next proceed to define U as

Q u
*i

U
*n

U R
1

u
«.

U
*1

U
*l*l

Ujt
lxn

UX
1 81

* U
*l8m

u = U
*n "Vi %*n Ux

n 8l
*

U
*n®a

U
®1

u
«l*l

u
«lxn

U
®1®1

.

U
«l 8m

U
®mxl

U
8m*n

U
®« sl

‘ U0
m®m

Since from equations (7) u*i
* Xp£ and uS j

- XTr
j.

determinant of the coefficients in (9) is equal to—

.

X
Let represent the co-factor of U obtained by striking

off the row and column of The effects of a variation

in on the unknowns determined by the system (7) are,

therefore,

(11)
a?, U al U

sis.

,2\U
C

U

(i ” 1, 2 , • • •

,

n)

(j-—l# 2, • • • , m)

Similar ratios appearing in the works on comparative statics

are known as the •income effects. * As the constraining rela
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tion (6) inoludes stocks of securities, beside income, these

effects will be designated as the "budget effects." The

second order conditions for the maximum of the utility func-

tion are not sufficient to determine the amount, or the sign

of any single determinant ratio. Consequently, the separate

effects of an increase in the initial amount of money at the

disposal of the individual, upon his demands for commodities

and securities, cannot be determined from the available

information.

b. Let xr vary. It is easily found that the effects on

the individual demands and on the marginal utility of expendi-

ture are

( 12 )

asli- * £ln -
• u asj^ax

(i,r s 1, 2, «•«, n)

( J — 1 » 2, ..., m)

The budgetary effects of a change in the initial supply of

the commodity r are equal to the effects of a change in the

initial supply of money multiplied by the price of the

commodity.

o. Let s
q
vary at time (t0 -£ ). The reader can

immediately verify the set of results
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as. B
' q qo q aT

U3)
a»
mmmmm

9 B

x(vv,^, mi
JJ

' q qorq
;

J=*
*

aX

a¥.

UVVV1(,,,,,)1
U q qo q'

as.

1 = 1, 2, ,,,, n)

J,q = 1, 2, ,.., m)

The budgetary effects of a change in the supply of the

security £ , purchased at the beginning of the preceding

analytical period, are equal to the effeots of a change in

the initial supply of money multiplied by the price of the

security and by the interest accrued to one unit of the

seourity.

Beside the individual quantities supplied, three other

sets of parameters affect the equilibrium solution 3b r the

quantities demanded; the commodity prices, p^, and the

security prices, TTj
, together -with the rates of interest,

rj. The equilibrium position is also affected by variations

in the utility function, corresponding to shifts in the

tastes of the individual. The effeots of variations in these

parameters will now be studied,

2, The effects of a change in a commodity price, pr.



62

are more complicated, than the ones above. Differentiating

the equilibrium conditions (7) \dth respeot to pr , one has

the following:

2 ax. ®
S p l +
1=1 1

*Pr

ax.aN 2
“ P>i

1* UXtX.
ap 1=1 1 i ap J=1r v

£ TT, 1 s X - X_
J=1 <5 ap r

r

a o ® Tf .8 *

1- 5* =
A"X

l‘
r
Jr^

* P.
aA

aP

2 3X. ® 38 . ® W.S. V

. + E u- _ —i. 4- I uT H —JL = £ u_ ^ 4- A
1=1W ap jMl
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J ap J=1 V* 7^

* p r

aX ® ax< 2
P
n T“

"
>'.^

1
uxnx.
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I -^1 £
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p^;

i=i pt a <3
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a^i

aX 2 ax. ®
n

ra ~r
’f

.

s
,
u 8mx| i
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ni8iap

p 1=1 m * ap^ J=1 J ap.
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TTm au
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n nm tt s „ ..

4- £ £ JE
»
a
«

3=1 pr 1=1 Pl ay^
On the basis of the discussion of the cross derivatives

between commodities and securities, at page 53, the alterna-

tive of taking such derivatives as negligible in comparison

to the other values is open. In the form in which it is
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presently written, the set of differential expressions

appears to yield little information about the shape of the

demand functions. In the solution for the demand derivatives,

a budget and a substitution effect appear, which will be

indicated here below, but they are flanked by an amorphous

sequence of terns whose signs and properties are indeterminate

to all knowledge. The choice of leaving out the seoond cross

partial derivatives of utility with respect to a commodity and

a security reduces suoh a sequence of terms to a form more

advantageous for the analysis, affecting only slightly the

remaining terms. As an approximation, thus, the effect of a

change in one commodity price, pr, on the quantity of the

1-th commodity demanded by the individual is given by the

following expression

The first tern on the right-hand side of the equation

represents the budgetary effect of a change in one price on

the demand for the i-th good. The second term describes the

substitution effect on the same demand, or the effect that

(i,r s 1, 2, ..., n)
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would take place alone if the variation in the real budget

caused by the change in price should be exactly compensated

by a direct variation in the budget. Both effects have been

given much attention by recent works; they constitute the so-

called fundamental equation of value theory. The other terms

in the equation have been given little attention in economic

literature. They are brought about by the introduction of

securities in the utility function. 11

A change in one price affects any demand, not only

through the income and substitution effect, because it is a

change in the budgetary restriction; but also directly,

because it varies the real security holdings on vdiich utility

depends. When a price increases, the purchasing power of the

securities decreases, and securities holdings perform, ceteris

paribus . a lesser amount of services than before. The effects

represented by the terms referring to the securities will,

therefore, be denoted as the "purchasing power effects."

Sach bracketed expression under summation is invariant for

the effect of a price change upon any variable. Their summa-

1:LThe compensating variation in the budget is inter-
preted in two ways: (1) such a variation as to have the same
level of utility as before, i.e. moving along an indifference
poly-dimensional surface; (3) a variation which allows the
individual to purohase the same set of goods as before, if he
should choose so. For differential changes the two interpre-
tations are the same. For finite differences, the second
variation is more convenient.

The third class of terms appear to have been derived
first by 0. S. V. Leser ("The Consumers Demand for Money,"
Boonometrioa . Vol. II, April 1943, pp. 133-140).
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tion will be designated by the symbols (Sj)pp ^d their products

with the determinant ratios by (Sj • Similarly, the sub-

stitution term will be indicated by the symbol By

substituting these symbols into equation (15) and by recalling

equations (11), equation (15) can be rewritten in the simpler

foxm,

(16)

(V *
r) ^ + <x)PrIi

+
Ii

( 8
j
>p

i- ~fr
L

a J=i U

gjj ®
(V I

r
) ^ + |X)Vl +£< 8

J>Vt •

(i,r — 1, 2 , •••, n)

The effects of a change in pp on the quantities of securities

demanded and on the marginal utility of expenditure are,

clearly, given by the analogous expressions

(17) = (x - x ) 4- (X)p a 4 £ (SjP-B, , and
ap

p

r r
e b

x
r

j=l J r d

/nM\ aX »
aX

\ ax_ ® . ag»
(lg) — = (x — x ) — -A-— “ 1 ( s.)pr •

apr as^ as^ J=1 J as^

(** — 1» 2, #•*, n)
(d — if 2, •••, l)

The variations of the demands for the securities, as well as

the variations of the commodity demands, are divided into
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three components: the budget, the substitution, and the

purchasing power effects. The variation in the marginal

utility of expenditure is given by three terms: the first

term does not seem to suggest any economic interpretation;

the second term represents a budget effect on the demand for

the commodity whose price changes; the third term describes

a mixed purchasing power and budget effeot.

Properties of the Substitution and Purchasing Power Terms .

General-equilibrium analysis yields information about the

relationships among; the variables only in a very small zone

around the equilibrium point. Differential expressions of

the type of the sets studied in this section are the only

possible way to define the form of the general demand func-

tions. More properties of the relationships of the demand

functions with the prices will now be sought by examining

the conditions to which the effects of a change In commodity

prioes are subject. The reader will notice that such condi-

tions and in general all the information 'which will be reached

about the demand functions are not independent or self-sus-

taining conditions or hypotheses, but are directly derived

from the small number of hypotheses and conditions stated at

the beginning of the discussion. The Intuitive hypotheses,

that could be challenged, concern the utility function: they
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maintain its existence and continuity, the continuity of its

first and second derivatives at any point, and the endeavor

and ability of the individual to maximize it. The necessary

and sufficient conditions for a maximum, together with the

property of symmetry of the determinant U, deriving from the

hypothesis of continuity of the function and of its first and

second derivatives, are the only Indispensable conditions of

the construction. All the other restrictions concerning the

demand functions can be traced back to them. The second

order conditions for the restricted maximum of the utility

function do not impose any specific restriction on the value

and sign of the determinant ratios of the terms describing

the budget effects, which are, therefore, not very informative.

The second order conditions, however, attribute specific

characteristics to the substitution and purchasing power

terms.

The substitution terms have properties similar to those

pointed out by Slutsky, Hotelling, Allen, and Hicks for

systems embracing commodities only. The first six properties,

listed here below, appear in the same order in which they are

found in the Appendix of Hicks* Value and Capital .
12 The

purchasing power terms have only one property in common with

12J. R. Hicks, o£. cit .. pp. 310-311.
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the substitution terms: the third one. The purchasing power

effect of a proportionate change in ail commodity prices is

subject to a suggestive rule that is added to the customary

six ones.

(1) Since U is symmetrical, (XjpyH - (X)pjxr.
13

The

purchasing power effect does not share this property. Above,

it was seen that the effect of a change in one price on the

variation of the demand for a commodity or a security can be

divided into a budget, a substitution, end a purchasing power

effect. The equality above states that, eliminating the

budget and purchasing power effects, the variation in the

demand for a commodity induced by a unit change in the price

of another commodity is equal to the variation in the demand

for the latter commodity resulting from a corresponding unit

change in the price of the former. The purchasing power

effects are not symmetrical because in general each variation

in a commodity price affects the direot utility of security

holdings in a different way.

(2) The sufficiency conditions for a maximum impose on

the determinant (8) and its principal minors the conditions

^The first statement of this property was made by E.
Slutsky, oj) • oit. , Slutsky’s article is extensively sum-
marized by H. Schultz ( The Theory and Measurement of Demand.
Chicago, 1938, Chaps. I and XIX) and R. G. D. Allen ("Professor
Slutsky’s Theory of Consumer's Choice,* The Review of Economic
Studies . Vol. 3, No. 2, Feb. 1936).
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that they possess alternate signs. Since (8) is equal to

U_
V , the same conditions evidently hold for the determi-

nant U. By shifting columns and rows in U cne can transpose

any u^^ into the place of Ug^^ ‘

isrice v®rsa, and the

determinant being symmetrical will still preserve its

ischaracteristics. From this, it follows that any
u

negative, and, therefore, (X)p^z^ < Q.1* The purchasing

power term does not have this property. The inequality means

that the demand for a commodity will always decrease follow-

ing an increase in the price of the same commodity, compensated

so as to eliminate the budget and the purchasing power effect.

The budget effect and the effect of the price change through

the variation in the services yielded hy security holdings

might offset. the substitution effect.

(3) The third property holds for the substitution as well

as for the purchasing power effect. It is written

n a
£ p,(X)p x + £ ",(X)p_8. = 0 , and
1=1 1 r 1 j=l J r

J

(r = 1, 2, .«., n)
n * m
£ p (8-)p x + Z rt (S.)p e = 0 . (J = 1, 2, .... m)
1=1 1 J rl q=l <l J r *

14This condition was discovered by S, Slutsky and W. K.
Johnson, independently. B. Slutsky, o£. oit, W. B, Johnson,
’The Pure Theory of Utility Curves’* (Boonomio Journal. Vol.
XXIII, No. 92, Deo. 1913), pp. 483-513.



70

A change In any commodity price, compensated for the budget

effect, does not affect the total value of the demond for

commodities and securities.15 An intuitive way of reaching

the same result is suggested by the common sense observation

that a change in any price not accompanied by a change in the

amount of purchasing power possessed by the individual can

only cause a shift in the quantities of the goods in which

he invests that amount. The mathematical proof of this prop-

erty runs as follows: first, multiply equations (15) and

(17), measuring the effects of the change in one commodity

price, each times the price of the good whose demand varia-

tion it states. By adding these products through, the

expression is obtained

,
n
1 pi1=1 1

rtw Hi

-ft + r it

apr

as

J
=

(v *
r >

ap, U

n m
£ \p,UT + £ Xtt tr-

ial 1 X
i 1=1 J

8

1
+ —
U

i Xp,U, - + £ Xtt U_
1=1 1 rxi j=1 3 r 8 j

J

+ !a i jg

p lc=l h=l
r

ao: a<r .

kr qh;

1 ^Pi u « * + *
Xtt ,U g

1=1 1 Vi J=1 1 V,j=i J “q j

(r = 1, ?, ..., n)

15An analogous condition with respect to commodities
alone was found by H. Hotelling ( "Edgeworth* s Taxation Paradox
and the Nature of Demand and Supply Functions,* Journal of
Political Economy . Vol. 40, 1932, pp. 577-616).
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The first term on the right-hand side of the equation represents

the total budget effeot and is equal to (xr - xp), beeause its

coefficient i3 the expansion of U divided by itself, and is

equal tp one* The second term gives the substitution effeot,

but it is the expansion of a determinant with two identical

rows and is, therefore, equal to zero* The coefficient of

each (S^)pr in the third term is also equal to zero, for the

same reason. Consequently, the purchasing power effeot through

each security is null*

(4) The fourth property reads as follows, for the substi-

tution effect, 16

h k
is opposite in signto/3(k<n)

,

for any value of ; where
J3

is arbitrary and represents a

proportionate change in the k prices pr, defining this change

by means of k equations

dp
j3 32 mmi2 (r s 1, 2, ••*, k)

The present property is the extension of the second rule, for

one commodity, to any group of commodities. It only applies

16
The fourth condition was obtained by Slutsky. It was

found by Hotelling for a system with no budgetary restric-
tions. B. Slutsky, 0£. olt . H. Hotelling, oj>. cit .
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to the substitution effect. A proportionate increase in the

prices of any group of commodities, compensated for the

budget and purchasing power effect, will cause a decrease in

the total amount of expenditure on that group of commodities,

1 *7

and vice versa.

The proof of the fourth condition is given here below*

Earlier in this chapter it was noted that the sufficient

conditions for a restricted maximum of the utility function,

also called in the economic literature the stability condi-

tions of the system, are that the Hessian {8} and its princi-

pal minors are alternately opposite in sign. As (8) is equal

to—T-g-
, the conditions are the same for U and oan be

^• 7This is probably what Hicks meant, when he wrote that
*if the prices of a group of goods change in the same pro-
portion that group behaves just as if it were a single
commodity.” (Hicks , Value and Capital , p. 312} Mosak too
makes about the same observation. (1. L

.

Mosak, op . dt ,«
p. 29) Such an oversimplified statement might be misleading.
In fact, all six properties apply to the group of goods
treated as a single commodity* Any shift of expenditure may
take place within the group itself, so that, in the oase of
a proportionate rise in a group of prices, some demands of
commodities in that group might also inorease, although the
total effect on the group is negative. See also: J. R. Hicks
and R* G. D. Allan, ”A Reconsideration of the Theory of Value,”
(goonomioa , N. 3., Vol. 1, Feb. and May 1934, pp. 52-76, 196-
219; especially pp. 67-68* This point will be made clear by
the examination of the mathematical proof below* Similar
proofs are found in Hicks* work ( Value and Capital , pp. 310-
311), and Mosak* s analysis (op. oit *. pp. 24-25) . Mosak*

s

result, written only for the total" number of commodities minus
one, is too limited* Furthermore, the proportionate change in
a group of prices has not been expressed yet, to the writer’s
knowledge, in the general form reached in the proof in the
text by the introduction of the multiplier.
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/

expressed by the statement that

U
*l
x
l

Ux
3L
3c
1 #*2*2 Ux

i
3ci***

# » xnxn* 8
l
8
l» , ««» 8a-i 8m-i— > » •••» • — — — -

U U

shall be alternately n egatlve and positire, The reader should

be reminded that the order in which commodities and securities

are taken is arbitrary, although the same order is followed

throughout this work for the sake of clarity. By a well-known

theorem in determinants

%*k •
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shall be alternately negative and positive* By substituting

X
for

the expressions

the same conditions are obtained for

v-i v-x
( 19 ) A (xjp^ , X

(Xjp^ (X)Plx2 .
(X)plXk

(Xjp^ (X)p x
2

* (Xjp^

<x)Vl (X)p
k
*
2

* (Xlp^

beoauss A , the marginal utility of expenditure, Is positive,

as it is seen from equations (7), where the marginal utility

of the goods and the prioes are positive*^-8 Conditions (19)

impose the restriction that a quadratic form
k k
£ £ o c (X)p x « 0 ,

i=l r=l 1 r r 1

for any arbitrary values of the c’s not all equal to zero*

In particular, the values pr and dp^ may be substituted for

cr and c^. The inequalities are obtained

k k
£ £ p dp (X)p x

4 « 0 , or
1=1 r=l 1 T r 1

k k
J3£ E p^p (X)p

r
x^ has the opposite sign of

J9
* (k < n)

1=1 r—1 ^

18£xpressions (19) were added by Mosak to Hicks* proof
( bb * oit * , p* 24)* Xt will be a useful tool for the theory of
aggregates.
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The budget effeot for the same group is given by the first

right-hand side term of the equation

(20)

fe k axi a \ k k
pi. E p p -i =K I |JU x) £ p i
1=1 n=l 1 r ap U p=1

r T
1=1 1 i

+ ife- s
* * 1

L=1 r-1 1 r r i uU i=l

m
I

r=l J=1

2
a uti. a n TT 8

+ —i E E
P
r

q=l te=l ph
*r

qp
^

Jh

it, au

P bcr
Mr Jr

k
EH., .

i=l
8
J i

k
Its sign depends not only on ^E

^

pp< x^,- xr ) which is

positive if on the whole the individual supplies the group

of k goods to the market, and is negative if on the whole he

takes that group of goods from the market, but also on

v k k axj^

— E p.U_ = E p, -rr— whose sign cannot be determined by
\JL=f 1 xi c—i

1

general rules. Consequently, the budget effect is indefinable

in sign and can offset the negative substitution effeot if

k
2 iyflL*

/L~i — T is positive and sufficiently large.

Swan the purchasing power effect, described by the third

term on the right-hand side of equation (20), is indefinable
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in sign. The double summations of the minors do not seem to

b® subject to rules from the maximum conditions. Furthermore,

the summation in the bracket may be of either signs. Xf it

were negative, it would not be possible yet to determine

whether it would exceed in absolute value the first element

in the bracket, which is a positive quantity. Hence, the

conclusion is reached that the purchasing power effect may be

positive and so large as to offset the negative substitution

effect.

(5) From the second and the third condition Hicks and

Allen derived the fifth property, which is a condition anal-

ogous to the following one

m
£ p. ( X)p x. + Z it (X)p s > 0 .

l^r 1 ri J=H r J

The effect of a change in one commodity priee, compensated

for the budget and the purchasing power effect, upon the

variations in the demands for all commodities and securities,

19
except the commodity whose price changes, is positive.

(6) From the third and the fourth rule derives the

R. Hicks and R. G. D. Allen, 0£. cit .
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sixth property, expressed by

z
9
k
Z Prr=l r

£ p (X)p x + E n.(X)p s
i=k+l 1 r 1 t=l J r JJ=1

Is of the same sign as |3 ;

It means that a proportionate rise in a group of commodity

prioes, compensated for budget and purchasing power effects,

will increase the total amount of expenditure upon all the

securities, and upon all the commodities whose prioes did
on

not vary. In particular, where the prioes of all the

commodities rise proportionately, a substitution effect is

shown in favor of securities, and vice versa. The statement

that

n n
(3 1 E p p4 (X)p x. is of the opposite sign of (3 ,

r=l 1=1 r 1 r 1 1

together with the third rule gives

n m
/3 E p E tt (X)p s. is of the same sign as (3 ;
1 r=l r j=l J r J '

^The sixth rule was originally derived by Hicks for a
system with commodities only. JT. R, Hicks, Value and Caoital.
p. 311*

K
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This result reads that the substitution effect from commodi-

ties to securities is of the same sign as the proportionate

variation in the commodity prices. As the seoond and fourth

rule do not apply to the purchasing power effect, the last

two properties cannot be extended to it.

(7) The effects of a proportionate variation in all

commodity prices, in the substitution and in the purchasing

power term, obey an interesting rule vihich is listed here as

the seventh property. It is stated by the following theorem;

a proportionate change in all commodity prices causes only a

budget effect on commodity and security demands, which results

from a budget and a purchasing power effeot, but it does not

yield any substitution effeot. This peculiar rule is ex-

plained by the nature of the consumer's demand for security

holdings. The investigation of this theorem will proceed in

two steps. First, it will be shown that, in an economy with

no securities, both the income and the substitution effect of

a proportionate change in all prices on the quantities

demanded are equal to zero. Secondly, security holdings will

be introduced and the consequent modifications of the problem

will be examined. In this connection, the mathematical proof

of the property will be given.

(a) In the absence of money and other securities, prices

are defined as the rates of exchange of all commodities with
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respect to one of them, the marohandlae-numeralre of Walras.

This is equivalent to taking the price of the numeraire as

equal to one. This price, however, may be expressed in terms

of a counting unit, defined as a certain fraction or multiple

of the numeraire * a unit of weight. In order to be expressed

in the new units, ,
the other prices also are to be multiplied

by that fraction or multiple. A proportionate change in all

prices is then seen to be a simple transformation of units.

Inspection of the first order conditions for a maximum shows

that they are invariant under such a transformation, and so

is, therefore, the maximum position. In fact, calling
^

the

factor which performs the transformation, let p^ be the price

in terms of the numeraire and ^pj_
be the price reckoned in

the unit of account. The first order conditions are

u- u n n _

J*i
. Pr

i=s* 1=1

and they do not vary for any finite value of
jj

, for
J
can

be eliminated from all the equations except one, giving
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A proportionate change in all prices, hence, has no effect on

the quantities demanded, i.e. the demands are homogeneous of

zero degree in all the prices* 21 This result may he easily

proved also by means of determinants, at least for small

op
variations in the prices*

21Matheoatically, the faot that the variables are homo-
geneous of zero degree in the prices indicates that there is
one more parameter (the price of the numeraire in terms of
the unit of aooount) than the number of degrees of freedom.
In the equations, A appears to be homogeneous of degree minus
one in all prices* This can be immediately proved by writing
the expression n a\

E p —
1=1 1 ap*

in the determinant form

u»
E p

(V x^U* + E p U '

i=l 1 ^ 0
1=1 * *1

where U* is a determinant analogous to U for a system includ-
ing only commodities. The first term is equal to zero by
virtue of the budget equation. The numerator of the second
term is the expansion of the determinant U* , divided by X •

Clearly, the second term is equal to -A . Consequently

? bA
E p — =
1=1 1

©Pi
Incidentally, it may be observed that Marshall's approxi-

mation of partial equilibrium analysis, for which the marginal
utility of the budget (or of expenditure) is invariant with
respect to a change in any prioe, would describe the condi-
tions for maximum utility not restricted by the limitation
of the budget, if it should be rigorously interpreted. In
faot, the previous result would give A - 0, and all the marginal
utilities would be equal to zero.

22A different algebraic proof was given by P. A. Samuelson,
Foundations of iSoonomlo Analysis

,

pp. 111-118.



81

(b) The introduction of securities in the economy

provides a term of the form of a budgetary effect to describe

the effect of a proportionate variation in all commodity

prices. This effect is provoked by the gain or the loss which

the real amounts of securities supplied undergo, according to

whether prices fall or rise. The diverse amounts of securi-

ties demanded are related to commodity prices and to commodity

demands. A proportionate increase in all prioes curtails the

purchasing power of all securities in the same proportion.

Moreover, the conclusion was previously reached that, in the

absence of securities, there wuld be no substitution effeots

among commodities. Therefore, no reason seems to be met for

a change in the proportion among commodities and among

securities; and the proportionate diminution in purchasing

power is seen to provoke no substitution effect.

The theorem stated above is proved mathematically by

sorutiny of the determinant expression

r=l ap ijPr'V V Avj^VVl

a

j=i

n

Vl rfl

IT, au

a o'.

i n
+ -i 2 Z

p Q=1 h=l
r

TT 8
q a

p*

a
2
u

acr a <r
qr Jh

(i — 1» 2, .«., n)
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where P-
dpr . 5 n

i 3u
. But Z -i

su

n n i
TT.rr £ £
^r=lfcl

r=l p a<T as.,
*r Jr f

2 2
a u a u \= „ . j and A p = u

p p. acr acr„ aa„as 4qr jh q J

for equations (7), Substituting and rearranging terms,

the preceding expression becomes

ax,
p* p.
1 r=l r ap

(21) r

n

£
U
^Pr(V x

r>
XlVA U

»j*i

+
til

Ux
r
UVt

l
+
^1

U9
j
Us

j*i
( 1 ~ 1 , 2, • • • , n)

The summation of the last two terms on the right-hand aide

is equal to zero, for it is the expansion of a determinant

m
with two equal rows. If the aim £ s_u. Ux .

q=l q 8
q
X
i

is added to the second term, the expansion is obtained of £

determinants eaoh with two equal columna , which are likewise

equal to zero by a property in determinants. Consequently,

a
- Z 8_u 0 Ux
q=l

0 “q *
m m
2c U- » 8 s

i j=lq i i q=l q
J q

but uS(j
—XTTcJ , and the budget equation (6) furnishes an ex-

pression for the first summation on the right-hand side of

(21). Substituting, equation (21) is finally rewritten as



83

( 1 — 2| • • • , h)

There is left* therefore, only a tern^ obtained from the budget

and the purchasing power terms, which has the features of a

budget term and is opposite in sign to the price change* An

identical proof and an analogous result apply to the analysis

of the variation in the demand for any security, provoked by

the proportionate price change*

It might be of interest to notice that this result

affords a neat solution to the effect of a proportionate

ohange in all commodity prioes and all security holdings upon

any demand* In fact, defining

dp da.

p = —=- *s s-
, it is seen that

P s
Jr

(1 = 1 , 2 , • • • # n)

which canoels out with the expression for a proportionate

ohange in the commodity prices, giving zero as a solution*

This is equivalent to saying that demands are homogeneous
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of zero degree in the commodity prices and the security

holdings, and it agrees with common sense. The present con-

clusion was reached under the assumption that the cross partial

derivatives of utility with respect to any one security and

any one commodity are zero. The reasonableness of the conclu-

sion might be considered as a justification of suoh an assump-

tion,

3, The effects of variations in the rates of interest

still are to be examined,
... ...- . , -

a. Up to this point, only the nominal rates of interest

on old securities and the dividend yield of common stocks

during the previous analytical interval, figured explicitly

in the budget equation. The present dividend yield of common

stocks and the present and expected future market rates of

interest will now be introduced into the system in an explicit

form, as soon as the way is specified in which they affect

the equilibrium position through the security prices. The

nominal rates of interest on old securities also affect the

equilibrium position indireotly through the security prices,

besides appearing directly in the budget. The price of any

security is a function of the security’s rate of interest and

of the present and expected rates of interest on securities

with similar characteristics, issued at the present time and

in the future#



The slightest acquaintance with the markets of investment

and speculation reveals the extraordinary maze of forms of

olaims to wealth. Diverse legal and economic characteristics

differentiate securities minutely into very small homogeneous

groups* 23 Often a given security has different features from

any other. Hence, the problem of expressing the relation

between the price of a security and the interest rates of

similar securities involves a certain amount of arbitrariness

in the selection of the latter securities. This conclusion

is not very satisfactory from the theoretical point of view,

but it may be mitigated by the observation that securities

are very close substitutes. They to not seem to experience

larger fluctuations in the ratios of their prices as deter-

mined by the interest rates, than closely substitutional

commodities like different qualities of wheat or sugar, to. 2*

If the prices of all securities, and therefore their interest

rates, have a similar behavior, a negligible discrepancy

exists a fortiori among the interest rates of like securities.

Consequently, the choice of the interest rates determining a

security's price, among similar securities, is almost a matter

23L. Chamberlain and G. W. Edwards. The Princinles of
Bond Investment (New Yorks H. Holt and Co., 1931 ).

R. Hicks, Value and Capital . pp. 167-168.
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of indifference.

The functions of the security prices in the interest

rates present three types of structures according to whether

the securities are (1) terminable loans and maturity holds,

(2) perpetual loans and consols, (3) common stocks. It

appears that most securities have common characteristics with

either one of these three types. Essentially, a bond is like

any security bearing a fixed rate of interest, which i3

expected to be repaid at its face value at a definite time

of maturity. A consol is typical of the security with fixed

interest rate, which never reaches maturity. A common, or

corporate stock shares with other non-maturing securities the

common property of a variable yield. Needless to say, the

above classification does not exhaust the variety of loans

and mixed securities. Hybrid oases like the preferred stock,

yielding a fixed dividend under the condition that there be

any profit existent; like premium and discount bonds and

others, are consequent to the financial policies adopted by

the firm and by the government. Jor the sake of simplicity,

such a large variety of mixed forms is to be reduced into

one of the three main categories.

Denote the quantities of terminable loans and maturity
V . . - • • • ' ' *

bonds by the symbols sh (h « 1 , 2 ,..., v); the quantities of

consols by Sj (j - v + 1 , v 2,..., w); and the quantities
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of common stocks by (k • w 1* w m). The bonds

the prices respectively of the bond h, of the consol j,, end

of the common stock k. r^ and r
j
are the nominal rates of

interest on bonds and consols over the analytical period.

dk and d£ are respectively the previous and the present

dividend yields of one unit of the common stock k over a period

of time of the same length. is also defined as the rate

of interest on a bond of the type h, issued at the present

time and reaching maturity at time r^; and Rj and as the

interest rates on consols issued at present! similar in their

properties to the j. and the k securities! According to the

static restriction on time-expectations mentioned above*

present interest rates and dividend yields are expected to

remain constant in the future.

The budget equation detailing the diverse securities

assumes the form

h have each a date of maturity Let TTj^£ Tlj ,
andTT^ be

w
4- Z
J=v4l

In order to avoid unnecessary oomplications, consols and
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maturity bonds are assumed to be issued at par value. Bonds

at a premium or at a discount are, thus, discarded. It is

evident that such forms of issue are equivalent and can all

be reduced to the issue at par value by means of a linear

tran sformation

•

The security prices are functions of the interest rates,

whioh are stated by the formulas

<?s)

"h (1 + V "ho

( h — 1 , 2, v)

(J = rfrl, vf2, ...» w)

(k a w+1, wf2, ..., m)

where t0 is the preset time, and TT^ and TTj0 are constants

representing the principal, or par value, of the security.

Obviously, the prices of presently issued securities belong-

ing to the first two classes are invariant under a change in

any interest rates and they are equal to the principals of

the same securities. The reader will recall the assumption

discussed at page 57, according to vfcich all explicit para-



89

meters are expected to be oonstant in the future and their

variations to be permanent, (to the basis of such an assump-

tion, the present market rates of interest are taken in

equations (22) to be the same as the rates expected to govern

the market in the future#

b. Variations in the market rates of interest R^, Rj,

and Rfc will have the following effects on the prices of the

securities issued in the past 9

(23)

an
h _

aR,

rh

d + rJ *1
=T - 1) +

VV *>
+ T. -t+1 \

- Tu+
(1 + R

h )
h V h Rh

n
ho

aw

aR

BTT

1

aR

X

k - .

J

\

(h ~ 1, 2, ..., v)

(J = Tfl, Vf2, ..., w)

(k =5 W+l, v+2, m)

A rise in the market rate of interest for any security is

accompanied by a fall in the prices of the old securities

with similar characteristics, under the assumption about time-

expectations outlined above. For the same rise in the

corresponding market rates of interest, the price of a matu-

rity bond falls by a lesser percentage than the price of a
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different seourity. The fall in the bond prioe is so xnuoh

smaller, the nearer in the future is the maturity of the bond.

Variations in the nominal interest rates of old terminable

bonds and of old consols will affect their prices in the

following way.

( h — 1, 2 , •••, )

( J = v+l, v+2 , w)

The effect of a change in the present dividend yield of the

common stools: k on its price is given by

(k = wtl, v.*f2, ..., ®)

A rise in the nominal interest rates of old bonds and consols,

a trivial hypothesis practically speaking, and in the present

dividend yield of common stocks provokes an Inorease in the

prices of the same securities. For an equal proportionate

increase in the yield, the prices of maturity bonds will rise

by a lesser percentage than the prices of different securities,

and so much less, the nearer is the maturity of the bonds,

o. Substituting formulas (22) for the security prices
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into the equilibrium conditions (7), and differentiating

totally with respeet to one rate of interest, a solution ia

obtained for the effect of a variation in any rate of interest

upon any quantity demanded of a commodity or a security* The

device of treating all securities belonging to the same type

as one security will add to the simplicity of the results*

(a) The effects of a change in a market rate of interest

upon the quantities of commodities demanded will now be

stated, except for the effects taking place through the

medium of the demands for new securities, which will be

treated under division (4) of this section*

*han. a
( b - a ) + E E I

n h U o=l 1=1 r=l p.p_

a
2
u U

*aH

. n 1 au U
+ ( K- E }

1=1 v
1 ^hl

an.

u j

But
n
E

n
E

e
2u a

2u

q 1=1 r=l^ ^ «
h
9.

q

Vp 8C
hr

a<r
ql

0

{i ~ 1, 2, ••*, n)

(h = 1, <*-

%

• • • t

and

2 I!s
eu _ au

1=1 pi ® m 8
*h’

Therefore, noting that the last term in the equation is equal

to zero and substituting the two expressions above into the

equation, it is obtained
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8*h BRk

xu.

<V sh> “JjT
1 * £«„, Vi

Tth
q=rl "hBq U

c?tlv

If
% D

«,

u

(i = 1| 2| i n)

(h ji 1 | 2 | t • • i )

Is added to the terms under suimaation, recalling

the hypothesis that the u
s
^’s are equal to zero, the new

summation is found to be the expansion of a determinant with

two equal columns, which is equal to zero. Substituting,

the result is reached,

s
"h

aRh

Au. Xrr. ti, an
h _ - ui, anh .

aR
h

^ u 8Rh*

(i — 1, 2, • ••, n)

(h SE 1, 2, | > 1 1 )

Similarly, the effects on the demand for any security,

e.g. for consols, are

asj atT
h _ atTj

®nh aRh
h U aR

J

(h » 1, 2, •••, )
( j sc vfl, v+2,... ,w)
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Analogous results are obtained for the effeots of changes in

the same market rates on the securities of any other type,

and for all demand effeots from variations in the other

market rates of interest, Rj and except for the effect

of the change in any market rate on the demand for the security

governed by that rate. Indeed,

aeh anh

a"
h
8Rh Au

v<i

(h ss 1, 2, •«,, v)

u
h

Adding — — to the terms under summation, the expansion of

the determinant U is obtained. Substituting the equivalent

expression for the summation, the preceding expression becomes

a
"h

aRh

<ah- o ^ (i - !*ii>

P
.;a)h h U U

SIT,

)R
h

(h = 1, 2, • • • , )

or
8gh aTTh

stf aR.
h h

Xu,

U IT.

arr.
n .

sR
h

’

(h = 1, 2, v)
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These conclusions state that a change in a security price,

due to a variation in the market rate of interest for that

type of security produces a budget effect upon the quantity

of any other security demanded, whioh is equal to the effect

upon it of a change in the initial supply of money, times

the initial supply of the security whose price has -varied.

One more term is added to describe the effeot of a change in

a security price upon the demand for the same security.

This term is negative; it is large if the demand for the

security was large before the variation, and small if the

security price was large; and vice versa.

(b) Variations in the nominal interest rates of termina-

ble bonds and consols issued in the past are accompanied by

changes in the demands for commodities and securities, which

are described by similar analytical expressions. It will,

therefore, be sufficient to indicate the solution for the

variation in one commodity i,, with respect to a change in

one rate of interest, r^, that is

(i = 1 , 2

(h = 1, 2

» •••»

* • • •

»

n)

v)

*"h
ar
h
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(c) The effects of a change in the present dividend

yield of a corporate stock, d£, on the quantities demanded

of commodities and securities are described by the relation-
sTT*

ships stated under (a), where ^ TjTJ is to be substituted
^TTk

for 3^7
•

A variation in the previous dividend yield does not alter

the price of the security and only affects the quantities

demanded through the budgetary change which it performs.

Hence,

(i = 1» 2, «.., n)

(k = wfl,wf2, . . , ,m)

4. One more class of adjustments can take place in the

system: the ones occasioned by variations in the utility

function.

One way in which a change in the present market interest

rate for any type of security affeots the quantities demanded

has already been examined. Such an effect occurs through the

variation which the change in rate of interest operates in

the budget, directly and through the related change in the

prices of old securities belonging to this type. The present

market rates of interest are the nominal rates of newly issued
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securities. Hence there is a second way in which the quanti-

ties demanded are related to any such market rate, and that

is through the effect of variations in this rate on the

desirability of newly issued maturity bonds or consols. It

will be designated as the "lucrative* effect, in the lack of

a mere suitable expression.

The analysis of the second effect was delayed to this

place for it applies a different procedure. For the sake of

simplicity, the price of a new fixed-yield security is taken

to be equal to its par value which is a constant. The new

security, however, is the more advantageous, the higher is

its nominal rate of interest. In a static system, the rela-

tion between the demand for the new security and its rate of

interest is determined by the shape of the utility function.

A rise in this interest rate induces a rise in the marginal

utility of the newly issued security by causing a shift in

the utility function. As the analysis of such variations

offers methodological difficulties, the static system is not

most suited to describe the impact of interest rates on the

demand for new securities. The economic plan Tifcieh will be

studied in the fifth chapter does not need to resort to such

functional variations in order to represent the relationships

presently disoussed; it will, therefore, provide a more

informative and exhaustive discussion of them than the static
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model. Here, it will be sufficient to point out the way in

which any shift in tastes modifies any demand, whether the

shift is independent, or, in the case of the demand for new

securities, is caused by a change in their interest rates.

.assume any shift in the preference for goods, represented

by a factor c* varying the marginal utility of one good. In

particular, 0< could be taken to be the interest rate of a new

fixed-yield security li, which affects the marginal utility of

the security. The conclusions which will be reached could

then refer to the lucrative effect of a change in a present

market rate. Differentiating the equilibrium conditions (7)

with respect to (K
, it is obtained

n bx m aa
£ p_— 3C w . jJl at 0
R=1 J=1 J BC*

“ Pi

a A n— + Z u
aft r=l

ax_ m as

v* ** **V| 7Z

»X n ax m . 8
,

rr, — + Z u. T —£ + Z u. . d = » u.
h a (X r=l k r bp( j=l ®hsJ BCK *h

aX n ajx, m as,
tr —. + £ u —- + £ u_ _ —I sat 0
q a<* rssl "q*r J=1 q J ac\

( q — l,2|h-l,hfl, »», j'b)

(i s 1» 2, ..., fk)
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Solving for the rate of change in any demands and in the

marginal utility of expenditure, A , with respeot to the

variation in Oi
, the following determinant solutions are

attained.

The effect of a change in the marginal utility of a security

on the marginal utility of expenditure is equal to this change

multiplied by the budget effect on the security. The effeot

of the same change on the demand for any commodity is equal

to the substitution effect of the price of the commodity on

the demand for the security, multiplied by — . The anal-

ogous variation in the demand for any security is expressed

by a similar determinant ratio.

The following properties, therefore, whioh are analogous

to the properties of the substitution term, hold for the

( 24 )

( i = 1» 2, n)

( j — 1» 2, «.«, ®)
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variations in any quantity demanded* For the mathematical

proof of these theorems the reader is referred to the proofs

of the rules of substitution, that are developed along the

same lines*

(1) The demand for the good, commodity or security,

yfoose marginal utility shifts, varies in the same direction

as the shift.

(S) The effect of the change in the marginal utility

of one good upon the demand fbr any other good is equal to

the effect of a change in the marginal utility of the latter

good on the demand for the former one, provided that the

shift in the marginal utility of both goods be the same.

(3) A shift in any marginal utility does not affect

the total value of all demands taken together.

(4) An increase (decrease) in the marginal utilities

of a group of goods (commodities and securities), however

uneven it may be, increases (decreases) the total amount of

expenditure on that group. The proof of the fourth rule is

somevhat different from the proof of the corresponding rule

in the substitution effects. It is easily shown that the

double summation representing the compound effect upon the

total expenditure cm the group is a positive definite

quadratic form.

(5) The total expenditure on all the goods, except the
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one whose marginal utility has increased (decreased), falls

(rises).

(6) An increase (decrease) in the marginal utilities of

a group of goods, however uneven it may be, decreases

Recalling that the marginal utility of a new security

varies in the same direction as the interest rate, these

rules can be immediately applied to the effects of variations

in the market rates of interest*

In an economy with one security of type h issued in the

past, and one issued at present, the total demand effeet of

a change in a marie et rate of interest, R^, is composed by

the budget effect studied in the preceding subsection, and

by the lucrative effect. Denoting the security of type h

issued in the past by the symbol sh and the security of the

same type issued at present by s&, the total effect of a

ohange in Rh upon any demand can be written.

Solutions of the same form hold for changes in the other

market rates.

In the same economy, the total variation in the entire

(increases) the total amount of expenditure on the remaining

goods.
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amount of purchasing power spent on commodities and securities,

following a change in one market rate of interest, %> *-3

given by

ax. m— + E r»

aR
h

q=l q

as
2. s

a.
*h

U

n
( E Xp4 U
1=1

m
Y / E Xw_U

ftxi q=l q
) -

(h — 1, 2, •••, v)

because the lucrative effect through the desirability of new

securities is equal to zero by property (3), The expression

above is equivalent to

(h — 1, 2, •••, v)

The determinant summation is the expansion of U. Hence it

follows that

n ax. m as„
£ p — + E tt —S =
1=1 1 sR

h
q=l q aR

h

(h as 1, 2, ..., V)

or, in words, the total variation considered here is only to

be imputed to a budget effeot, and is analogous to the effect

of a change in one commodity price on all the quantities
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demanded. Similar results are obtained for a variation in

the same variables corresponding to a change in any other

interest rate or in any present interest yield, Aa extension

of these conclusions to the case of any number of securities

of the same type is readily made.

The Demand Functions . Throughout this section, much

attention has been given to the variations in the equilibrium

quantities of commodities and securities demanded, caused by

changes in any set of parameters, and to their properties or

laws of uniformity. In so doing, the description was given

of the structure of the individual demand functions constructed

on the few assumptions oarefully stated in the course of the

disoussion. In a rigorous fashion, the quantities of

commodities and securities demanded by the Individual and

the marginal utility of expenditure can be formally written

as functions of the parameters, as follows
'-••

• • t

X
1
~ x

i^
x
r»pr» 8
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( i ,
1* “ 1, • «,, n)

(<1= ly 2, . . , , ®

)

(h = 1, 2, ..., ) ( J = Tfl, v+2, ..., w)

(k = vfl, v+2, ..., m)

TT
ho and TT^0

are the par -value of maturity bonds and consols,

respectively. The security prices do not appear among the

arguments of the demand functions, because they are dependent

on the interest rates, the dividend yields, and TT*^ and Tl^
0

as indicated by (22); rh and r^ are the nominal rates of

interest on old securities, while R^ are the rates of interest

on newly issued bonds; Rj and are the rates on new consols,

Rjj. referring to consols vfcich have common characteristics

with corporate stocks.

In the next chapter the market relationships, which only-

are of final interest to the eoonomist* will be derived from

the individual relationships established here,

D, A Special Problem: Say’s Law

i. Say’s law is usually enunciated with reference to

market relations. The extension of this principle to indi-

vidual relations requires a new definition. Say*

3

law for

the individual is defined as follows: the total market value

of the demand of the Individual for commodities is always
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equal to the total market value of his supply of commodities*

Say’s law for the market will be treated at the end of the

fourth chapter; in that connection there will be sho\m the

relation between Say’s law for the individual and the same

assumption upon market behavior.

The following discussion aims to prove that this hypoth-

esis for the individual is equivalent to the assumption that

commodity demands are homogeneous functions of zero degree

in all commodity prices. It will be subsequently 3hown that

such assumptions are in contradiction with the assumption that

the individual holds securities at all. In mathematical terms,

the law for the Individual is expressed by the equation

n n
I p. x. s Z p.x.
i=l 1 1

i=l 1 1

which, together with the budget equation

n m n _ m
I P X.+ I TT 8 ss £ p X + Z *8 <TT + IT P ) ,

1=1 1 1 q=l « 1 1=1 1 1 <j=l 4 <1 40 q

gives the corollary condition

m m
Z IT a rs z *9 (tt + TT r )

q=l ^ q-1 3 $ *1

( 25 )
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The equivalence of Say's assumption with the assumption

of homogeneity of zero degree of commodity demands in the

commodity prices 2® appears immediately from inspection of the

budget equation. The assumption of homogeneity has as a

oonsequenoe, the x* s being constant,

^<*1- \) "q(V "qoV = 0

which mast hold for any finite value of
y

• That is possible

if, and only if

m
Z
c=l

?Tfl-
<? Q Vv "

qo
r
q

J S 0

In other words, Say’s law fertile individual implies the

assumption of homogeneity, and vice versa. In fact, henoe-

forth allusion will be made to Say’s law only, treating the

homogeneity relation as its necessary and sufficient corol-

lary. It is particularly interesting to notice that quite

2®The equivalence, which can also be expressed by
stating that one assumption is a necessary and sufficient
condition for the other one, has been recently pointed out
by D* Patinhin. ("Relative Prices, Say’s Law, and the Demand
for Money," Eoonometrioa . Vol. 16, No. 2, April 1948? p. 153)
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different conclusions are derived from the assumption for a

system where no other securities appear, except money, than

for one embracing various kinds of securities*

ii. For the sake of argument, consider a system with

only commodities and money* In the new system, equation (£5)

becomes

(26) *1* *1 * 0 *

rk / *

If s^ must remain constant, the derivative cannot be

taken* Consequently, the quantity of money s^, even if it

can affect the first and second order conditions for a maximum,

is indeterminate: that is, a maximum can be found for any

given value of s^. The result is a succession of relative

maxima with s^ as a parameter. 2^ Obviously, this is a vary

unrealistic oase and it should, therefore, be discarded*

This result does not hold for the 3peoial case in which a

price TT, different from one is attributed to money, and is

set equal to zero* Then, as - 0, there is an alternate

solution* Hither si has no utility at all and the amount of

money held is indeterminate, or s^ has utility and so much

of it will be held, which yields all possible utility*

Economically, both possibilities are trivial,

Patinkin appears to be in error when he takes the
derivative concurrently with the assumption of constancy of
slt as defined by equation (26). (op. oit*, pp. 150-151).
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ill. Conclusions about Say* a law imposed on a system

with various securities are reached by a totally different

line of reasoning. Stridently equation (25) does not require

that each variable in it be constant. This fact permits more

positive and realistic results. Write the equation to be

maximized as

g i

Or 3 u( x,, JOLI -A
1*1

n

5,
p
i
(v v +

1=1

(27)
m

+ Z irra - "s (tt + it r )f

q=i] M q q q° q

T £
q=l

ft C - *3 (« TT r )

q q q q qo q
25 Max. ,

(

1

—1

(q=l,2,...,m)

where a second constraining relation was added to take care

of the new assumption. The two constraining relations to-

gether with the differentiations of the function with respect

to each variable, set equal to zero, constitute the first

order conditions for a maximum. The second order conditions

can be stated by requiring that the determinant U* , here below.

and its principal minors be alternate in sign.
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But the minor u * * °» and » beinS a principal minor

of UV contradicts the second order conditions* by which it

should be different from zero* As explained in the footnote

to page 53
t such a condition is a very improbable one, not

taken into consideration in this study* Thus, it has been

shown that in the general case of a system with different

types of securities Say*s law for the individual is in contra-

diction to the assumption of maximization of the utility

function.



CHAPTER IV

THEORY OF MARKET RELATIONS

A. The Equilibrium Position

I. The foregoing dissuasion of a stationary economy

concerns the patterns of uniformity in the economic behavior

of the individual consumer in a competitive marie t provided

with n commodities and m securities. Such a detailed

investigation of the individual behavior is to be justified

with consideration of Its usefulness in reaching conclusions

about the market relationships on which alone the interest

of the economist dwells. Clearly, the quantities coming into

play in macroeconomics are the sums of homogeneous individual

quantities, and their variations are, accordingly, the sums

of the single variations taking place in microeconomics.

From the character of universality that was attribute! to the

hypotheses regarding the Individual preference functions. It

follows that such aggregate variations are subject to the

laws of uniformity which have been established for the indi-

vidual relationships. In particular, the direction of

certain effects in the micro-system is necessarily the same

as for the corresponding effects in the system of the aggre-

gates of the individual quantities over the market. Conse-
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quently, the individual results may be extended to the theory

of the aggregates, end furnish the most rigorous basis for

it, provided that, throughout the work of the aggregate

system, it be kept in mind that it still depends on the initial

parameters: the individual quantities supplied, the nominal

rates of interest on old securities, and the utility functions.

The problem of adding together individual quantities and

their variations requires a definition of the field of validity

of the preceding microanalysis and of the market over which

such quantities are summed. Hitherto the analysis was con-

cerned only with the individual consumer, with regard to whom

universal laws of behavior were found. The theory of the
*

aggregates, however, cannot fail to extend also over the

entrepreneurial activity of the traders, in the introductory

statements the field of analysis was limited to the theory of

choice which is focussed on the subjective elements of

economic activity. Accordingly, the relationships of produc-

tion which are expressed by means of technical functions,

and by the "automatic" economic process of allocation of the

productive factors for the maximization of profit, being

extraneous to the independent decisions of the individual,

will not be given attention in this study. On the other hand,

wrking hypotheses about the behavior of the quantities

supplied are to be selected. The neutral hypothesis of
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constant quantities supplied, on whose basis the micro-

system was developed, is probably the most satisfactory.

Again, use of it will be made in the aggregate relationships.

An alternative assumption, oommonly accepted in economic

studies, is the one of diminishing productivity of the

factors of production, and of diminishing returns to oapital

investment. Its necessary corollary is that the quantity of

a product supplied is directly related to its price, and the

quantity of a newly issued security is directly related to

its rate of interest. It is evident that such an assumption

contributes to securing stable equilibrium. It appears to be

superfluous to reconsider the aggregate system in the light

of this second hypothesis. The reader should note, however,

that the conditions for market stability which will be estab-

lished on the total demand functions under the assumption of

fixed suppli es become somewhat too restrictive under the

alternative hypothesis and consequently may be slightly

relaxed.

The real difficulty in the initial framework of the

theory of the aggregates appears when the financial side of

the mtrepreueurial operations is taken into consideration.

1A clear and general statement of it is provided by
J. L. Mosak, 0£. Pit ., pp. 97-98.
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The enterprises hold and create large amounts of securities

and hold considerable cash balances, among which, similarly

to the consumers, they maintain a definite proportion. Suoh

a proportion must be given a theoretical basis if the summa-

tions of the individual quantities of money cud other securi-

ties over the consumers* and the entrepreneurs* financial

accounts is to have any significance at all. There seem to

be two ways to overcome this difficulty. One is to construct

a theory of costs of financial operations based on the princi-

ple that a higher degree of liquidity of the assets of the

enterprise pays in convenience in the form of saving of time,

labor, etc., and of the possibility of taking rapid advantage

of investment opportunities, but at the same time reduces the

profits for the lower interest that liquid assets yield in

comparison with less saleable ones. The usefulness of this

approach is doubted on the ground of the flimsiness of t he

judgments of costs of financial operations due to liquidity

conditions, although it might be accepted from a purely

theoretical point of view.

The solution indicated by Hicks constitutes the second

alternative. 2 Such a solution is found in the principle of

subjecting the financial side of the entrepreneurial activity

23 • Hioks, Yalue and Capital , pp. 242-244.
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to utility considerations. It represents an extension of

the usual concepts of utility, which deserves a careful

qualification. For certain enterprises the financial aooount

is not distinguishable from the private account of the entre-

preneur and no line of distinction is traceable to all

practical purposes. The financial account of these finns,

therefore, enters the entrepreneur’s utility function.

Indeed, that account serves the exchange activity of the

individual, aid obeys the same consideration of convenience

as the private aooount. The only difference between the two

consists in the fact that one serves the exchange activity

for the aim of maximizing the profit from production, the

other one performs the same service for the aim of consump-

tion. But a difference in the motives of the services is not

suoh as to affect the considerations about the utility of

the services.

Usually, however, in modern economies the account of the

firm is kept separate from the private account of the entre-

preneur as a matter of general practice and of legal insti-

tutions as for the companies with limited liability, the

joint-stock companies, eto. The application of the principle

of utility to the financial side of this class of enterprises

requires a new definition of the principle itself, according

to vhich a utility function is attributed not only to indi-
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victuals, but also to *economic units’* whose behavior is the

result of the decisions of one or more individuals, inde-

pendent of the same individuals* choice in their activity as

consumers. The point made here appears to be supported by

the analogy between the cost and the utility approaches to

the firm’s account, analogy that goes further than the formal

similarity of the mathematical procedure of maximizing

respectively profit and utility. The two approaches refleot

essentially the same process. One balances the saving in

costs of financial operations obtained by holding liquid

assets with the disadvantage of a low interest rate; the

other one establishes the proportions among t he quantities

of assets held with different degrees of liquidity on the

basis of the convenience of liquid assets for the working

of the firm, i.e. saving of costs contra the opportunity

loss of interest involved in it. The utility of holding

liquid securities is just an expression for the costs-saving

and the gain in business opportunities. On the ufoole, the

use of the utility function is probably a less definite but

is also a more reliable concept than the one of financial

costs and gain or loss of opportunities.

There do not seem to be definite rules for the determina-

tion of the amount of dividends to be paid out by the corpora-

tion every year and the amount of profit to be invested. This
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complication does not concern a stationary economy. As for

more general oases, the writer shares Hicks* conclusion that

the dividend policy "is a real arbitrariness, a real

peculiarity of the joint stock company....we must be prepared

sometimes to treat dividend policy as an independent vari-

able."3

ii. According to the assumption of perfect competition,

it was assumed in the micro—analysis that the commodity

prices and the market rates of interest were the independent

variables, determining together with the parameters of the

system the quantities of goods demanded by the individual.

The oausality direction was defined as flowing from the

commodity prices and the interest rates to the demands, not

otherwise, so that the derivatives etc., were

taken as equal to zero. Interpreted rigorously, such an

approach vould not permit the determination of the commodity

prices and of the interest rates by means of the aggregate

equations. This difficulty is overcome by stating that the

connection of causality is very weak from the individual

demands to the prices end interest rates, the ^f^etc.

,

being so small that they can be safely neglected without

saisibly affecting the results. The summation of the same

3
J. R. Hicks, 0£. pit ., p. 244.
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derivatives over all individuals is, however, a first order

rate and as suoh it cannot be overlooked.

In the market equilibrium commodity prices and interest

rates perform the function of equating the total demand to

the total supply under a given set of parameters. Letting \)

be the number of traders on the market, the parameters are

the individual utility functions, u^ ( K« 1, 2, the
Y

quantities of commodities, xr (r - 1, 2, n), and of

—Vsecurities (q * 1, 2, ..., m)* supplied by the individual;

the nominal rates of interest on old maturity bonds, r^

(h - 1, 2, v), and on old consols, r^ (j « v + 1, ..., w);

the dividend yield of common stocks in the previous period,

dk» and at present, d£ (k - w 1, . . . , m). For a oonstant

set of these parameters, the equations of market equilibrium are

( 1 )

where

( 2 )

*r
= f

r(V V R
J* V = \

\ = g
<J
(Pl’ V V V = *

r = 1, 2, ...» n) (q = 2, J9 • • » m)

2. 3. ...» ) (

J

= v+i, v+2, • • • , w)

(k = wfl, w+2, • • • » m)

D u —
E x_
y=i

p * 32 £ **. *r
K=1

1? u
1 8« , I J
5=1 q q 5=1 q
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R^ and Rj are the present market rates of interest respectively

for maturity bonds and consols, and equate demand for and

supply of new and old securities of the same type concurrently

with the other variables In the argument of the demand func-

tions. are the market rate3 for consols with similar

characteristics as common stocks, aid equate demand for and

supply of new and old common stocks and consols of the same

type. The assumptions about the expectations of future in-

terest rates made in the preceding chapter, at pages 57 and 89

still hold here. In the determination of the equilibrium

conditions, all securities of the same type are combined into

one. iSach type of security has one rate of interest.

Consequently, the number of equilibrium equations is equal to

the number of variables in the argumait of the demand func-

tions.

One of equations (1) is linearly dependent on the other

(n + m - 1 ) equations and on the summation of the budget

equations over all individuals. There are, therefore,

(n m - 1 ) independent equations (l). On the basis of the

previous observation about the first order magnitude of the
dp d R •

derivatives
* dS^ 5 e-fco *» it is easily seen that the

commodity prices and the interest rates, together with the

quantities demanded, are functions of the way the total

quantities supplied are distributed among the individuals,
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l.e. they are functions of the individual supplies, of the

utility functions, of the nominal interest rates on old fixed-
V

yield securities, and of the dividend yields of common stocks.

Squilibrium prices and interest rates could be represented

as functions of the total quantities demanded and of the

individual quantities supplied* However* in the lack of

further hypotheses, such quantities oan only determine prices

and interest rates when the total quantities demanded and

supplied are equated; and at this equilibrium position

commodity prices and interest rates vary only with a ohange

in the distribution of the 3ame total supplies among the

traders, with changes ir. the utility functions and in the

individual yields of stocks. A variation in the total supply

Xp has a different effeot on the p*s, according to the way

in which it is divided among the individual supplies xjj/a.

Conversely, a different total supply may be distributed in

such a way as to leave the set of prices unchanged. The

relation of equilibrium commodity prices and interest rates

with the parameters is expressed by

(J)
P
1
= By' r

h*
r
J* ‘’i*

'

\ = V ry «k , d£, u«) ;

( If
= 1 » 2 , # • • t U ) (i»? * 1 , 2 , «*., n. )

(y — 1, 2, **,, m) ( q ss 2, 3» •••» o)

(h = 2 , 3 , v) (j = vfl, w) (k =
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In the light of these remarks it appears evident that

the functions (1) should contain the parameters explicitly

.4in the argument, and should he rewritten more generally^

X
r
= X

r^ pi*
R
h»

R
J»

x
i*

sy» r
h*

Ty a
k»

~

<*)

S
q
= 8q^ pi» ^h*

Ry x
i*

sy* r
h*

rj' d
k* *£* ’ = \ •

(^»i — 1» 2, n) ( y = 1, •••» ffl) ( d — 2 , 3, , , , , m)
(h = 2, 3, v) ( j = vfl, v+2,,,.,w)(k s w+1 , v+-2 , . .

.

,n»)

*A case in which only the total supplies should appear
in equations ( 3 ) and the total demands should not be func-
tions of the individual supplies, or

V

Pj^ = 3y» U )

R
q
= V*r » *y* r

h»
vy V d

i»

(i*,i-— 1 , 2 , • • • , n) ( y = 1 , 2 , , • , , is) (q = 2 , 3# , , • » ®)
(h = 2

, 3 , v) ( J =s vKL,vf3 ,...,w) (k = wKL,vt2 , . .

.

,a)

is rigorously stated as follows: let ^ *J= Xj= const,, andr P
3=i

V _jf v ap
X s = m == const,, then there is seen that £ —

%

= 0
3=1 y y

f=l exl

V aG_ u aP, \) a0_
and £ -4, m 0 } E —$ * 0 , and

,
E —4=0

|«4 (f=l «*Z 1=1 SB
J (7

This is undoubtedly a very improbable case.
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Functions (3) are dependent on equations (4), The

unknown « are now the individual quantities demanded, in the

number of (n + m) . the total quantities demanded, in the

number of (n m). the n price ratios, and the (m - 1 ) market

rates of interest. In the micro-analysis, the individual

demands were seen to be equal in number to the necessary

conditions for the restricted maximization of the utility

functions. The total demands are given by the (n •» m ) equa-

tions (2). The (n m - 1 ) independent equations (4) may

be solved for the determination of the n price ratios and of

the (m - 1 ) rates of interest. One price, generally taken as

the price of mon^y, is indeterminate. That is simply set as

equal to one without any loss of generality, because the unit

in vfoioh prices are computed is a matter of indifference.

One independent variable, the money rate of interest, is set

equal to zero.

B. Comparative Statics

Inspection of equations (4) reveals the possibility of

three kinds of independent variations in the system: a change

in the individual quantities supplied, a change in the yields

of stocks and in the interest rates on old securities, and a

shift in the utility functions. One more kind of variation

may be added to these, in the form of a change in a dependent
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variable, a commodity price or a present market rate of

interest, induced by a change in a hitherto unconsidered

independent variable, directly related to the dependent

variable alone, ^diich could be for instance a governmental

policy of price fixing, a bank’s discounting maneuver, etc.

Consideration will be given to the impact of a price

change that is much stressed in the works of economics,® and

also of a change in one rate of interest; then variations in

the individual supplies and in the utility functions will be

examined. The effects of variations in the nominal rates on

old securities and in the dividend yields of common stocks at

present and in the preceding period will not be considered.

Such variations have been treated in the micro-system: it is

left as an exeroise to the interested reader to analyze these

variations applying the procedure which will be indicated for

the study of variations in the other parameters.

1. New parameters are now introduced into the system,

whi ch might, for instance, be independent governmental

policies of price fixing, discount policies of the banks,

etc. An original infinitesimal movement of pr or away

from the equilibrium position, consequent to such policies,

p,. £: mag Capital, p. 315; 0. Lange,
Price J.lexibilit.v and Employment , p. 92.
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would necessarily occasion disequilibrium in the market and

relaxation of some or all independent equations (4), The

condition that the solution of equations (4) be unique,

requires that at least one of the equations relaxes, but in

general any number of equations (4) will cease holding.

Sufficient information is not available in general so as to

determine which ones will relax and to how much the dis-

equilibrium will amount for eaoh one of them. Differentiate

equations (4) with respeot to pr ,
which varies in the way

explained above. Equations (3) do not hold any longer, for

they are valid only at the equilibrium position. In general

there will be obtained, recalling that only (n m - 1 )

equations are independent and that the interest rate of money

is equal to zero.

( 5 )

I —
fc=l ap

k
dp

r

m aXj dR
q

dXj^

q=2 sR dp
Q v r

n »9, dp, m a8, dR_ dS,
l -J—Z+Z =

fc=l ap dp q=2 sR <to dp
k r h v r

(i — 1, 2, n)

( j = 2, 3, , , • , ®)

An analogous set of equations is obtained by differentiating

equations (4) with respect to Rj. The partial derivatives
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in the equations of differentiation form a determinant which

will be denoted by the symbol J. The solution for a change

in any price or interest rate with respect to pr is

dp_ 1=1 dp^ J y=2 dp J
r x* r

(r f lc — ly 2j •••! n) ( q ~ 2 , 3* •••# ®)

Again, an analogous solution is provided for a change in any

solution depends on the values of the right-hand side members

of the equations of differentiation, which represent the

amount of disequilibrium in eaoh total demand and are not

determinable. If another price, p^, is allowed to vary after

a change in another independent parameter of the type of an

independent policy, etc.; and by chance the terms on the

right-hand side of equations (5) are the same as for a change

in pP, then

dp i=l dp J y=2 dp_ Jr p P"

prioe or interest rate with respect to R • Evidently, the
'A

(k,h,r = 1,2 » • • • #., n) (q = 2, 3 » • • •

»

m)
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By a similar reasoning and under the same hypothesis, it is

immediately noticed that

dp. dp. dR—£ = , «nd —
<3R_ dR. dR

dR
= Zl

dR
Q “J <1

.

'

• - t r< a*' •

= 1* 2, • •*, n) ( Q, J,y — 2, 3 * •••# ®)

The right-hand side terms of the set of differentiation are

not expected to remain the same under a change in different

prices* Therefore, such equalities do not hold usually, and

the variation in any price or interest rate is different for

each price with respect to the change of which it is taken*

The general solution above does not seam to provide any

further information; but properties of the effects of a price

change may be obtained by limiting the field of analysis

with the necessary number of assumptions*

As a starting point, two sets of assumptions may be

introduced*

(a) It is assumed that in Hie suimnation over all traders,

the individual budget and purchasing power effects cancel out,

leaving the total substitution effects only* This mi^it

occur, as the sign of the first two effects is not necessarily

the same for each trader* In the preceding chapter it has

been shown that the rise (fall) of a present market interest

rate affects the demands in two ways: through the fall (rise)
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which It produces in the prices of old securities and of

common stocks, and through the increase {decrease) which it

produces in the marginal utility of new fixed-yield securi-

ties. The first effect has the features of a budget effect,

the second one is essentially a substitution effect. The

present assumption imposes the condition that the summation

of the first effect over all the individuals is equal to

zero. J is then restricted to being the determinant in the

summations of the individuals substitution effects alone.

(b) Such assumptions do not seem yet to provide any

definite conclusions about the price derivatives, unless a

restriction is imposed upon the market disequilibria described

by the terms on the right-hand side of equations (5). The

limitation will be that a variation in the price pr, or in

the interest rate R^, provokes disequilibrium in the market

for the commodity r or for the security respectively, while

all the other prioes and interest rates change so as to leave

all the other markets in equilibrium. Taken together with

the first set of assumptions, this restriction will be shorn

to satisfy the criteria for imperfect and for perfect

stability of the market, which Hides states for an economy

with no securities. 6 The Hicksian criteria are not unequivocal

6J. R. Hicks, Value and Capital , pp. 248, 315.
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conditions for stability. On the basis of dynamio results,

Samuelson suggests that these criteria are neither necessary

nor sufficient for stability; 7 however, arbitrary as they

may be, such criteria seem to be sensible and reliable in

most cases*

Mathematically, the limiting conditions on market dis-

equilibria stated above are defined as

< 6 )

dXp
4 o .

ax.— = o ,

as,
» Z2Z 0 |% Ap

r
ap

r ( J — 2, 3# •••»

4S
q 4 o ,

as—L - o i . (y ^ q)

% dR
q

( h 38 1, 2, . . a ,

The individual substitution terms are given by equations (15)

and (24) of the third chapter. Forming a determinant in

them, where they are in the same position in which the total

substitution terms are in it is obtained

( 7 )

•

*U B £*-Sh.
•
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Define the determinant D •
Ux. s •

c J

U
D and its principal minors

are symmetrical and alternately opposite in sign as shown at

page 73* Moreover, the second partial derivatives multiplying

the terms in the determinant are all positive.

The solution for the market dis equilibria,
dXA d S:

and dRJ

1
4 Rn.

is the summation over all the traders of the expressions

XD u. ^ D
, and. > i , .1 — (r = 1 , 2 , * * * , n)

x
r a* J J (j * 2,3, i)

which are respectively negative and positive. Consequently,

(B)
dX—£ < 0 , and

dS..—± » 0 , (r = 1* 2, • . . , n)
dp
r

( J = 2, 3* ...» m)

The Hicksian criteria for imperfect stability read; let

the price of the commodity r rise under the stated assumptions,

then the market is imperfectly stable if the demand for the

commodity r decreases, while all the other prioes change so

as to leave the other markets in equilibrium.8 By analogy,

the Hicksian assumptions can be extended to securities with

this plausible restatement: the market is imperfectly stable,

(1) when the price of the commodity r rises, (falls), if the

R* Hicks, Value and Capital . p. 248.
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demand for the commodity r decreases (increases); (2) when

the interest rate R^ rises (falls), if the demand for the new

security increases (decreases), while all other prices and

interest rates ohange so as to leave the other markets in

equilibrium. The first inequality establishes agreement be-

tween the hypotheses to whibh the model discussed here was

subjected and the Hicksian conditions for imperfect stability

of a market with commodities only. The second inequality

satisfies the criteria for imperfect stability which were

selected with regard to securities.

The Hicksian criteria for perfect stability in a market
dXA

with no securities require that “["p
- be negative when the

prices of any number k of other commodities are adjusted so

as to maintain equilibrium in the market for the same commod-

ities, but all the remaining prices are unchanged.® In

equations of the type of (5), limited to commodities and

commodity prices, these criteria, rigorously interpreted,

assume that (n - k - 2 ) terms on the left-hand side of each

equation are equal to zero, and that k equations have a zero

term on the right. Except for the one condition for perfect

stability which is the same as the condition for Imperfect

stability (stating that all prices adjust themselves), the

®<3T. R. Hicks, Value and Capital , pp. 248 , 315.
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Hicksian standards do not appear to be applicable, because,

on the basis of the discussion of the general set ( 5 ),

market disequilibria may assume any values. From Hicks*

mathematical statement of the conditions, it appears that he

implied that the markets of the commodities vhose prices do

not change are not taken into consideration at all. Accord-

ing to this interpretation, the oriteria for perfect stability

are seen to be the same as the oriteria for imperfect

stability in a market arbitrarily restricted to any number of

commodities. They do not seem, therefore, to be very meaning-

ful. Sven such conditions can be extended to securities, by

adding to criteria (1) and (2) the qualification that they

should hold for arbitrary limitations of the market to any

number of commodities and securities. Inspection of the

determinant ( 7 ) reveals that the two sets of hypotheses, vhich

have been set forth, satisfy also the Hicksian oriteria for

perfect stability of the market.

d Ph
The price derivatives -777— are equal to the product of

dX* *
-j-p— and the summation over all the traders of the detenni-

’ lA. Dv'X *L
n. d Rj

nent ratio v _— ; the Interest rates derivatives are\ D
^ g M r\cj

equal to the product of ^ and the summation over all the

traders of
.

J

(Y • ^’roni inequalities (8) and the symmetrical
s
j

u
property of the determinant D recalled above, it is deduced

that
d Pk

is of the same sign as 1,2,...,/^)

P

h
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d R • dRq /• \
and is of 1410 same siSQ aS

d Rj
* »<! - • - * s

7**1
/

The following theorem ha a then been proved: under the two

sets of restrictive assumptions envisaged above, the Hicksian

criteria for perfect and imperfect stability, extended to

securities in the way previously suggested, are met by the

system. Under the same conditions, the effect of a rise (fall)

in one price (rate of interest) on any other one is of the

same sign as the effect of a rise (fall) in the latter price

(rate of interest) on the former one. It is superfluous to

point out that the present conclusions are a very particular

case.10

2. The effects on the system of a change in the initial

individual supplies, represented by differentiation of

equations (3) and (4) will now be examined. From the assump-

tion of perfect competition, it is known that a sufficiently

large variation in the p*s not to be safely neglected is

only consequent to a cumulative change in a large number of

d p,
individual supplies, which can be written The

differential cSr , however, is to be defined In terms of the

10Hioks and Lange among others do not appear to recog-
nize that, as the prices are the dependant variables, a
change in one price, the explicit parameters being the same,
should be explained with a variation in a new independent
variable directly related to it as in the discussion of this
section. J. R. Hicks, Value and Capital . p. 315. 0. Lange,
Price Flexibility and Utaployment . p. 98.
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rffc.dx^ *s; and for every different combination of the dx^’s

composing dJr , there will be a correspondingly different dpj_,

in general. These observations may be illustrated by carry-

ing on the differentiation vdth respeot to any combination

whatsoever. Define, for example,

/3 =
4%

*r

1 \)

mm I -

"

V K=1 Xy
(? = 1,2. ,n)

[3 should be very small. Taking the differential of equations

(3) and (4) with respect to the variation of 3?r , as defined

by |6 , it is obtained

3c=l dp. q=2 aR cSI
l- x r h

k=l »p^ dlC
r <t=2 aR

q

. S + ? !!ifa
*1 fc=l ap, <€? q=2 aR _ <££

Jc F* h p

« - 8 _
I r x^

*= - $ ^xr
x
p
+

*i

r
wX 8 •

rj

(i — 1,2,,,,, r—1 , r*l ,«••,&) ( j — 2, 3, •••• ®

)

St-pXi representing the derivative ^—-
9 from the direct

differentiation of equations (4), The amounts of then’s
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are "the summations of the variations In the budget effects

occasioned by the choice of different combinations. If the

income effects could be neglected, then the * s v;ould be

negligible and the determinant of the coefficients, J, would

be sufficient to determine the variation in any price. In

fact, solving under this assumption.

ap aR

al

— = ..AiL , and —i ~ . Yet, usually,
J aX J

P

aX J fc=1 Vk J <t=2 *r0
q J

IT

aR ra

aX_
1 = jXxil * I £ "Vl + £

te=l Vk J
Ail

are functions of the form

q=2
xr8q J

h4 (A^) and

aR
,

y y
= h (aL ) , where £ Al m A- •

a7 J rr X=si xr xr
P

and

which

In the case in which the other total effects do not offset the
j-

total substitution effects,

—

!L2±-<Q
% and the 6*3, or the

J

total budget effects caused by the choice of different combina-

tions, would be so small as to make the terms

n
I £_ _

fc=l Vk
IB v

+ E 6, . VI ,

J <l=?
XP*« J

dp* d Pc _ d e,
etc., negligible. Than — < ° » andjy~ — dX"" * °n

the basis of the proof given at pages 126-127 under the same

assumption. It can be concluded that, for a field of varia-
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AO /

S
t i.e. for such a distribution among the

consumers of the increase (decrease) of the supply of the

good r, for which the total budget and purchasing power

effects are relatively small, the price of that good will

decrease (increase). Furthermore, for the same field of

variations, the effect of an increase (decrease) in one com-

modity supply on the price of any other commodity is

approximately equal to the effect of an increase (decrease)

in the supply of the latter commodity on the price of the

former one.

The same reasoning applies to the effects of a change

in the total supply of any security. Consequently, the

previous conclusions may be restated with regard to a o tenge

in the total supply of a security as follows

dR, &R dR,—i < 0 and 5 —a.

d!,. dS
j J q

(J#Q = 3» •••» ®)

In words, for a field of variation in the A-
, for vjhioh

5
j

the total budget and purchasing power effects are relatively

small, the rate of interest will fall (rise) according to

whether the total supply of the security increases (decreases).

Similarly, within the same field of variations, the effect of

an increase (decrease) in one security supply on the interest
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rate of any other security is approximately equal to the effeot

of an increase (decrease) in the supply of the latter security

on the interest rate of the former one. It is superfluous,

perhaps, to stress the point that these results apply only

to the very special case described.

The conclusions reached by the present discussion are

seen to be more restrictive and less informative than the

analogous ones found in the recent literature, which, do not

appear to be qualified too carefully for their limitation.

3. The aggregate effeot of cumulative variations in a

large number of utility functions remains to be analyzed. A

shift in tastes, not accompanied b y a change in the total

supplies, must leave the total demands unchanged by virtue

of the equilibrium conditions, and will only determine a

tilting of the prices. Differentiating equations (3) and (4)

with respect to any aggregate of functional variations defined

as Sa>=2 Su.\ the general result is

n ®X
i

®
Z — —4 Z

eX* SRq SX
t

b=l ap Sa
a

£ +

q=2 aRq Sa

a a8 ,
bR

E ± £
h=l sp. Sa q=2 aR_ 8a

n 4

8a

58,
i

$a

(i = 1. 2, ..., n) ( j — 2, 3, ..., in

)

The terms on the right-hand side of the equations are the
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result of the direct differentiation of equations (4) in the

u° * s. They have the same raison d*etre v&iioh the u* *s

have for being explicitly in the argument of equations (4),
: / £

'

:

Equations (4) v&ll in fact he consistent with a different

set of p’s and R’s together with different utility functions*

The solution for the unknowns, the price and interest rate
;

1
’’

changes, is given by
,

•'

/ . ;

,

' j
>-

i
"

iZ£ = -i
;s8

j

Sa i=l 3a J 3=2 8a J
(k = 1, 2, ••*, n)

which is of the form Sp = Jl(s?u,)
5 and similarly for

which is of the form § = Hcj C^jul) .

It will aid clarity to investigate the result of the

differentiation still further* Two effeots of the cumulative

variations In the utility functions can be traced: the direct

effect on the demands for the commodities, the taste for

Tshich has shifted, that is always in the same direction as

the shift; and the indirect effect on the demands for all

commodities, provoked by the budget relations and by the

equilibrium conditions, Where the preferences for various

commodities shift, the two effeots will be overlapping and

they could be calculated on each commodity by considering the

complex of reactions to each shift separately. The tilting

in the prices necessary to bring the total denmnds to equality



with the total supplies again, is different according to

which utility functions have varied and to the amount of the

variation! A shift in the taste of traders who enjoy a

large income will cause a larger -variation in prices,

ceteris paribus , than the same shift in the taste of low-

income traders* Similarly! the shape of the shifting utility

functions has an influence on the prices. These are the

elements represented by the right-hand terms of the equations

of differentiation.

The special case where the shift in the utility functions

affects directly only one demand* say the demand for the h-th

commodity, or the demand for the q-th security, provides the

following interesting solution, for a field of variation of
Y

the u * s, in vfaich the budget and purchasing power effects

do not offset the substitution effects,

sph = iys'u) m

SS
q

ia!a < 0

X.* J
or $*«. faa

>

o
sxh j

, and

(h = 1,2 n) (q = 2,3,

This solution, analogous to the one for the inverse effects

indicated by equations (6), (7), and (g$, is provided

by the property established with regard to the determinant J

under the same restriction. This result is the opposite of

the one reached for the effect of an increase in a marks

t
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of interest on the total demand for the securities of the

type governed by that rate. When the demand for one commodity

(security) alone is direotly increased (decreased) by a shift

in tastes which pro voices substitution effects stronger than

the budget and purchasing power ones, the change in its price

(interest rate) is positive (negative),1^

Spi __ . _ _ 'Vu SPU
Furthermore , J— 5

<S^~ J ' -felie

symmetrical property of J when the total budget and purchasing

power effects are negligible, ">

^
~

g^
~ ~

The effect of a rise (fall) in one commodity (security) total

demand due to a shift in tastes on the price (interest rate)

of another commodity (security) is approximately equal to the

effect of a rise (fall) in the total demand for the latter

commodity (security) on the price (interest rate) of the

former one.12

n ^P<L __ <J f *
Mosaic concludes ~ jj^" *

a Pi

ax,
J

j,.

-< 0

(The General-Equilibrium Theory of International Trade , fn.
to p, 46), In his argument, an Increase in the total demand
for one commodity will lower its price, under the assumptions
of fixed supplies and of predominant substitution effects.
The present disagreement seems to arise from the fact that,
while shifts in the demand curve are considered. Mosaic examines
movements along the demand curve itself,

12The equivalence maintained by J , R. Hicks (Value and
Capital . p, 317) of the hypotheses of a ohange in one price
with adjustments in all the others so as to leave their markets
in equilibrium, and a shift in one demand, is shown to be
erroneous.
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C. Say’s Law

In the study of the micro-model, it was proved that the

definition of Say’s law with respect to the individual

violates the utility assumptions, and should, therefore, be

rejected. The present section will be devoted to stating

the relation between Say’s law for the individual and the

definition of a similar law for the market, and to analyzing

the implications of the market law. Say’s law for the market

requires that the total demand fbr all commodities shall

always be equal to their total supply, or that the total

demand of purchasing power supplied to the commodity market

shall always be equal to the amount demanded on that market.

According to this assumption, no over-production is possible,

1. It is clear that in an economy with no securities

at all the law for the individual is a sufficiait and

necessary condition for the market law, for the mathematical

statement of the latter law

n
£
1=1Vi

TS

n
£
1=1

is simply the summation of the budget restrictions over all

individuals, and must hold in any case. Thus, in the absence

of securities, both laws are true,
• -rf

2, In an economy with, securities, the two laws are not
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equivalent.

a. Adding together the individual restrictions dictated

by Say’s law, there is obtained Say’s law forthe market.

Consequently, the former law is a sufficient condition for

the latter one.^3

b. The necessity condition wLll be established only

with regard to a speoial case: when all the preferences for

the commodities should increase (decrease) together. The

case of induced variations in the same direction in all

commodity prices affords the same information under very

restrictive assumptions.

(a) From property (4) at page 99 , and the equilibrium

equality between the value of the total commodity demands and

the value of the total commodity supplies, it is easily seen

that an increase (decrease) in the marginal utilities of all

commodities for a large number of traders will cause an

increase (decrease) in all the total commodity demands. In

this case, Say’s law for the market fails.

Say’s law for the individual is expressed mathematically

as a relation among the quantities demanded by the individual,

added to the budget restriction, as indicated by equation

(27) of the third ohapter. Actually, this assumption represents

, Patinkin, op . oit . . p. 147.
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a budget for the commodities, beside the usual budget. If

the individual law should not contradict the utility assump-

tions, as it vjould occur if securities should not enter the

utility function, property (3) on page 99 would apply,

and from its summation over all the individuals it could be

concluded that the value of all the total commodity demands

would still be equal to the value of all the total supplies;

and that Say*s law for the individual would still hold. In

the present oase, Say* s law for the individual is then seen

to be a necessary condition for the market law. As the law

for the individual is to be rejected, Say*s law for the

market is likewise rejected.

(b) The same conclusion can be reached for the oase of

an induced rise (fall) in all commodity prices, through

changes in independent policies, etc., as explained elsewhere

in this chapter. The problem, however, is to be qualified

by three sets of assumptions: (1) the time-expectations of

the parameters and of the variables must be equal to the

present values; (2) the substitution effects must be pre-

dominant; (3) in correspondence to the induced variation in

the price of each commodity, only the market for that

commodity moves away from equilibrium. These strong limita-

tions deprive the result of much significance. Thus, it

does not appear to be convenient to stress the present oase.
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The proof of the solution stated, which. is developed along

the same lines as the preceding one, will not he given here.

(c) To the writer f s knowledge, in any other oase Say’s

law is not the statement of an existing condition, hut it

might he the recognition of an empirical repetition. It is

clear that, while an exact occurrence of this assumption is

very improbable}4 its approximate realization might take

place. By an identical reasoning as it was given for Say’s

law for the individual, it could be shown that the marks

t

law is equivalent to the condition of homogeneity of zero

degree of "the commodity demands in the prices. In the foot-

note to page 80 , it was pointed out that such a mathematical

condition reveals the presence of one more parameter than

necessary. This parameter is the money price of the commodi-

ties, which can, therefore, assume any value as long as

Say’s law roughly holds. It is concluded that the market

assumption designated as Say’s law implies that the general

level of prices is indeterminate, in the field where it holds

as an empirical fact.* 5

14D. Patinkin, op . cit. , p. 148.
15

0. Lange, Say’s Law: a Restatement and Criticism , (in
Studies in Mathematical iioonomlcs and .Sconometrios ; Chicago:
The University of Chicago Press, 1942), p. 64.
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QUASI-DYNAMIC AND DYNAMIC MODELS
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CHAPTER V

ECONOMIC PLANNING

A. Introduction

The models of economic relationships constructed in the

previous chapters are the logical consequence of the qualifica-

tion of the concept of utility such as to subject security

holdings to the analysis of individual choice. This reformula-

tion of the utility assumptions permits a more realistic

approach than the one where utility does not extend to securi-

ties, and at the same time, by making possible the application

of the same marginal method to security relationships as well

as to commodity relationships, destroys the anomalous position

vfoich the classical monetary theory holds relative to the

main body of the theory.

Although enjoying a higher degree of generality, the

previous models were still presented in a static framework.

The limitations of the statio system become more apparent as

more realistic hypotheses are set forth. In the present

approach, the introduction of stocks of securities (and of

stocks of commodities) diminishes greatly the usefulness of

a static system. Indeed, the classical models, which did not

contain securities and stocks of commodities carried over
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from one period to the next, had no oonoern with future

expectations.^- But, as securities and stock; s of goods

constitute the link between the present and the future activity

of the individual, a model including them implies the problem

of future expectations. A system containing securities, which

is of the static type and, hence, has no provisions for

expressing the influence of future expectations explicitly,

is affected by them through variations in the present utility

of securities, i.e. through the medium of the structure of

the utility functions. Thus, vdien the individual expectations

are not represented directly in the system as independent

variables, they affect the results by varying the utility

function hand in hand with their shifts. The system conse-

quently suffers strongly from frequent, uninformative varia-

tions in such parameters, unless expectations are restricted

by a particular assumption, analogous to the one of stationary

expectations which regulated the statio system in this study,

or to the one described in footnote 1 of this chapter.

^This is not quite true. In the oases where the classi-
cal models introduce durable goods into the argument of the
utility function, they are actually dependent on time-expec-
tations. In suoh oases the elasticities of time expectations
with respect to the present data are often implicitly assumed
to be equal to unity, i.e. changes in present data are
assumed to induce proportionate variations in the future
expectations of the same data.
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The individual holds money and other securities for three

fundamental, distinct purposes: their services in facilitating

transactions, in meeting contingencies, and in regulating the

size of the future budgets, that is the servioe of speculation

in sensu lato , A static analysis cannot distinguish among

these services and isolate the speculation service as it

would be desirable in order to develop the analysis of the

impact of the interest rates on the system. Statics can only

state that the services of securities all lumped together

yield a definite satisfaction to the individual and that the

relative maximization of utility determines the quantities of

securities demanded, without any distinction among their

services. The application of static analysis to stocks of

money and interest-yielding securities is logically possible,

as it has been shown, and offers positive results, but does

not give all the significant information that is sought, in

view of the fact that it does not put in relief those time

elements, such as the speculative purpose and the far-reaohing

impact of future expectations on the system, which play a very

important role in economic choice.

The shortcomings of static analysis may be easily over-

come by adopting a concept of utility relationships which is

at the same time more realistic ;and more fertile in the field

of dynamic relationships. Utility is now made dependent not
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only upon the present quantities demanded, as before, but

also upon the quantities of commodities and securities

expected to be demanded by the individual in the future.

Where no securities are held by the trader and no amounts of

commodities are oarried over between two periods, the utility

function, extended over expectations, does not give different

results than the utility function studied in the third

chapter. The superiority of the former function over the

latter, in a system with securities, is set into light by

intuitive and analytical considerations.

The system comprising time-expectations, which will now

be examined, is instantaneous and refers to the present. As

did the previous system, it is seen to cover an analytical

period of time of arbitrary length, the commodities being

purchased for consumption during it, and the rates of interest

being computed on its length. At the beginning of each period,

an instantaneous system is set up. Substantially, the new

model is still static, because it serves to determine the

actual, instantaneous demands like the preceding one. It

contains, however, potentially dynamic elements. Although

there is no reason why the expected demands for one point of

time should be the same as the actual demands at the same

point of time, once the initial stretch of time between the

present and that point has elapsed, even if the expectations
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of all the parameters should he realized, nevertheless, the

expected future demands may be taken as a rough indication of

future actual demands. Furthermore, the introduction of

future expectations into the until!ty function gives a higher

flexibility and sensitivity to the system. Savings, i.e.

security holdings, are determined by the expectations of

prices, interest rates, and income, together with the provi-

dence of the individual expressed by the utility to him of

future consumption and future holdings of securities. The

analysis of security speculation, the only possible kind in

the absanoe of stocks of commodities which would permit

commodity speculation, is greatly developed by the expecta-

tions framework.

It has already been pointed out that by this method a

distinction is easily traced between the services of securi-

ties related to liquidity and those pertaining to speculation,

the latter being based on their properties of store of

purchasing power and of yield of interest. The connection

between security holdings and time-expectations is made clear

by the consideration of an extreme case in which satisfactions

would be indifferent to the individual. It appears that in

suoh a case he would hold a very limited amount of money,

strictly necessary for the transactions service only, and no

other securities. In fact, the sum of money held would be
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subtracted from the present expenditure in order to swell

the future budgets, the size of vshich would not concern the

individual, if he should not be interested in future expendi-

tures.

In conclusion, the particular form of its time structure

adds definite dynamic elements to the system, even if it

remains substantially instantaneous. In order to be distin-

guished from the usual static models and from the truly

dynamic formulations, the present system is called a quasi-

dynamic system.

The quasi-dynamic system of the type described above

does not embrace expectations over all points of future time,

but only at separate points. It is then defined as a dis-

continuous representation which has the following character-

istics: time is only present implicitly in the form of a

parameter; expectations are dated at the end of periods of

equal length which are analytical and do not coincide neces-

sarily with economic, actual periods of any kind, iixpeota-

tions usually are uncertain; the expectation of any future

parameter or dependent variable is not a unique value, but

is represented by a probability function whioh may not be

noimal. The shape of the function will be influenced by the

tendency of the individual to undertake risks. The prudent

consumer will always foresee the worst possibilities. The
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probability functions of his price-expectations for the goods

he intends to buy will be negatively skewed. Conversely, a

positive skewness will characterize a gambler. The probability

function itself may be uncertain and its shape may depend on

another probability function; probability would then be

represented by a functional. For simplicity, the device of

which use was already made in the static model 2 will be

applied here by substituting a definite expectation to the

probability function or functional, which will be that partic-

ular value to which the individual would react in the same

way as he does to uncertain expectations. For the prioe

expectation of the oonsumer such a value will be usually

higher than the mean probability, because the difference

should compensate the advantage of certainty. That value is

called the ^representative* expectation.

Similar to the budget in the purely static models, the

quasi-dynamic budget is composed of holdings of money and

other securities and of the income derived from the interest

earned on them and from the sales of goods and services. A

sum of money borrowed may be considered a negative security.

For the 3ake of simplicity, income from the sales of goods

and services is subtracted from utility considerations. This

.

2See p. 55 in the third chapter.
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device, together with the device of leaving aside stocks of

commodities, has the advantage of limiting the field without

imparing the validity of the argument with regard to monetary

3
relationships which are the aim of this study

•

B. Economic Horizons

The ensemble of the expectations of the demands for

commodities and securities is oalled the economicplan* * From

direct experience it is apprehended that future expectations

bear satisfaction for the individual at the present, which

usually diminishes the farther in time the expectations are

taken. ^ The question now arises: for about how long does the

®The case of commodity stocks will be briefly examined
in footnote 9 to p.158.

*P. N. Rosenstein-Rodan explains the fact that the
individual foresees less important wants only for a short
future period with the faotor of uncertainty vdiich is large
in the far future, not with the principle of underestimation
of future wants. He reports to share this belief with Jevons,
Sidgwick, Wieser, Pantaleoni, Wioksteed, Knight and H* Mayer*
J. Bentham, Boehm-Bawerk, Marshall and Edgeworth subscribe
to the theory of underestimation of future wants. J. Fisher’s
time preference notion agrees with the latter approach. The
two points of view, however, appear to be consistent. Indeed,
common observation suggests that, even if the future satisfac-
tion from the consumption of a certain quantity of a good is
prospected to be as intense as the present satisfaction
derived from the present consumption of the same amount, the
present satisfaction derived from the expectation of the
future consumption of the same amount of the good might be
muoh smaller depending on the degree of impatience of t he
individual. ("The Role of Time in Economic Theory," Economics .

N. S., Vol. 1, No. 1, Feb. 1934, pp. 77-97)
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consumer plan? He may be more farsighted with regard to

certain goods and securities and less farsighted with regard

to others. Consequently, the plan is not of the same length

in ell the expected demands. The end-point of the plan

relative to any good or security will be designated as the

economic horizon of that good or security for the consumer.

From the above remarks it follows that, in general, every

good and security my have a different eoonomio horizon. A

distinction can be made between one general horizon and

particular horizons. The general horizon is defined as the

point of time which includes the minimum interval of time

comprising all the dated expectations of the individual which

affect his present decisions. A particular horizon refers

to the expected demand for one commodity or security which

influences present decisions, and is defined as the limit of

that minimum period of time within which all such expecta-

tions take place.

Mainly, the eoonomio horizons are determined by sub-

jective, non-economic elements which condition the economic

factors, but fall outside the scope of Ifce present analysis.

Psychological, historical, and environmental elements in a

broad sense have the greatest weight. The most striking

feature of all expectations, eoonomio and non-economio, is

their uncertainty. The less certain expectations are, the
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less is there any use to plan far ahead* It is well known

that during time of war, of inflation, or of unsettled economic

or political conditions, a hand-to-mouth policy is more wide-

spread among the people than it is during more stable times*

It has been noticed also that in an unstable eoonomy the

people become economically ^neurotic* and are very sensitive

to any new change or rumor* This may occur because their

near expectations tend to osoillate widely at the slightest

stimulus and the counteracting effect of far expectations

does not operate* Uncertainty is, then, a valid element for

the determination of the horizons. The amount of uncertainty

is inversely related to the length of the planning period*

A minimum of uncertainty probably encourages long-term

planning and allows for expectations to affect present deci-

sions, and vioe versa. 5

In the opinion of the writer, economic horizons have not

been satisfactorily defined as yet. For statistical purposes,

more or les3 empirical and arbitrary definitions are undoubt-

edly suitable, but they seem to be meaningless for a deduotive

analysis. 5 An attempt will now be made at defining the

5Ros enstein-Rodan and Hloks consider uncertainty as the
principal element restricting the horizon. J. R. Hicks,
Value and Capital , pp. 139-228; P. N. Rosenstein-Rodan, op . oit.

®A statistical definition was first attempted by I. Tin-
bergen (*The Notions of Horizon and Expectancy in Dynamic
Economics,* Eoonometrioa . Vol. 1, No. 3, July 1933, p. 247).
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horizons with mathematical rigor, for a system with n

commodities and no securities. The following results can be

readily extended to money and other securities. There is a

well-known theorem fbr the maximization of the utility func-

tion which states that, if in the proximity of the zero

quantity of any good, its marginal utility divided by its

price is smaller than the marginal utility of expenditure,

such a good will not enter the conditions for the restricted

maximum and no amount of it will be demanded. This marks a

point of discontinuity in the bb rginal demand. It is on

such a point that the determination of the horizons is founded.

Let u^ be the marginal utility of the expected demand for

the good 1 at time _t , pj^ be its representative expeoted price,

and \t be the expeoted marginal utility of expenditure,

defined by the Lagrange multiplier connecting the utility

function with the constraining relation of the expeoted budget,

for the maximization.

The horizon for the good r is defined at the point of

time V by the relationships

If the price of the good r is expeoted to be high at a certain

point of time, it might well happen that the expeoted demand

Tj^+2, • • • )
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for the good r will be equal to zero at that time, but will

exist at later points of time, because

Hi ' = -5^5= . H'*
1 > . and \

*r p„ -j-' P» r' * p_*r » rx- r» rxr+l
rt

—T

)

yXA may be called a minor horizon* Clearly, the same

ycommodity has only one horizon but any number of minor
T'

horizons ^ • The larger are the periods during which the

expectations of the demand for a commodity are absent within

the horizons, the less will the expectations weigh in the

consumer’s choice. The general economic horizon is defined

at time T by the inequalities

(i = 1, 2, ..., n) (t =T+l,T+2, ... )

The general horizon marks the aid of the individual plan for

all commodities.

iin empirical principle might help determine the aotual

length of the economic plan. If the consumer is planning to

hold any amounts of securities at a certain future point of
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time* the expectations of the demands for one unit of money

worth of each one of such securities should not possess

marginal utilities smaller than the marginal utility of the

expected expenditure at the same time. The economic horizon*

then, does not embrace a period of time shorter than the one

during which the consumer presently plans to hold securities.

In most oases, thus, the economic plan would cover a long

stretch of time usually not greater then one’s expected life-

time; sometimes, as in the case of an estate left for

definite educational or charitable purposes, etc,, the

economic plan extends beyond the life of the individual.

In some way, the new hypotheses about the utility

concept Justified by the above remarks should be tested tor

their ability to yield further theoretical information about

economic relationships. The utility function comprising the

expectations of future demands takes the form

where the subscript t represents points of time at equal

intervals from the present time, t - 0 . to time T which is

the general economic horizon. Clearly, the quantities at

C. The Equilibrium Position

( 2 ) U s u(xlt ,
--

*
..J* )

pi,t+l
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time 0 are actually demanded; the quantities at any other

time are the demand-expectations* 7

In the argument of the static utility function, securi-

ties appeared to be weighted by the price level of the trading

moment at vfaioh they are demanded. Actually, our models

indicate that securities are purchased at one moment in

order to perform their services at the next one, and should,

therefore, be weighted by the (expected) price level at this

next moment* The assumption of equality of time-expectations

with the explicit parameters of the statio system, which was

imposed on the statio framework, makes the two price levels

equal; and either date may be used indifferently for the

n
A similar soheme of economic planning was suggested by

G. Tintner, ’The Theoretical Derivation of Dynamic Demand
Curves, 1*

( Econometrics . Vol. VI, No. 4, October, 1938,
pp. 375-380) . In the same article Tintner sketched the
mathematical solution for a continuous consumption plan.
(£&• P* 380) • See also 0. Lange, **Say*s Law: a Re-
statement and Criticism, * pp. 67-68; J. L. Mosak, The General-
Equilibrium Theory of International Trade * pp. 116“7? .

;

H, Makower and J. Marschak. op. pit .: J. Marsohak. op . clt .

The influence of past experience on future sxpeotatTons was
investigated by C. F. Ross, Dynamic Economics (Bloomington:
The Principia Press, 1934), pp. 14 ff . ; J. M. Keynes, The
Senera! Theory of Employment. Interest and Money, pp. 46 ff..
147 ff.; J. R. Hicks7 Value mr?apital~p7T25 ff. : G. C.
Evans, Mathematical Introduction to Economics . (New Yoik,
1930) ; R. H. Whitman, "The Problem of Statistical Demand
Techniques for Producers* Goods: an Application to Steel,**
( Journal of Political Economy . Vol. 42, No. 5, Oct. 1934,
pp. 577-594).
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prioelevel* * The fact that securities at any trading moment

are to be weighted by the price level at the next moment

cannot, however, be overlooked in the quasi-dynamic utility

function, without greatly affecting the correctness of the

results. Consequently, present prices do not appear in the

argument of the utility function; this will be shown to be

an important qualification in comparative quasi—dynamics*

The budgetary restrictions are written

n a n a

i=l
lx

J=l J* 3* 1=1 1%
J=1

J S'*-1

(t = 0, 1, ...,T)

In order to avoid confusion with the time subscript, the

principal or par value of the security ^ is written TTj
, etc*

The parameters of the system are the »s, the TTj
t 's, the

TTj Sj the r.-^/s, the x^s, and the aj,-»i , s.8 The shorter

the analytical periods of the plan, i.e. the more frequent the

wFor a complete description of the budget restrictions,
JrJt 3hould be "taken to represent the dividend yield ofcommon stooks, dkt» for this type of securities. Furthermore,

to any class J. of fixed-yield securities belong securities
issued at any preceding point of timecu, each with its ownrate of interest Rjoj. For simplicity, only one security of
*yP® 1 is shown in the equation with rate of interest ri+.
+fr^

Ua
i.
1
f# 4

th#r
f
may be Pre3QQt several securities of the sametype but issued at different times, bearing each a differentrate of interest.
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transaction moments in the market, as described by the
l s ^ ' v V» ~ ^

^ ’ >

methodological framework, the more closely does the system

approach reality, -.s long as transactions are separated by

periods of time of any length, the analysis may be classified

as discontinuous quasi-dynamics. By bringing the length of

the period to the zero limit, a continuous analysis is ob-

tained.

The equilibrium conditions are the first order conditions

for the maximization of utility under the constraining rela-

tions of the present and expected budgets. The expression to

be maximized is

P = u(xlt , JLLj£) - Z ^
p

( 4 )

l,t+l
t=o

= Max,

(1 = 1, s. • • • » n) (j = 1, 2, • * •

»

i) (t = o, i, T)

The first order conditions for a maximum are readily derived as

(5.D
au

a
*it

= 0 i— 1, 2, , , • , n)
tcO, X, T)

au

as

au

Jt
\"jt+ />

't+i
(,,

j,t+i
+ = 0

T JT

( J ~ 1 » 2, ,,,, m)
(t = o, i,

( 5 , 2 )
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C5# 3)

n

1=1 115 lt
x
it*

a
+ E
J=1

Yj.w 1

(t = 0, 1,

There are n(T + 1) equations (5, 1), m( ^ 1) equations

(5, 2)* i
4 1) equations (5, 3); altogether (n + m 1)(T> 1)

equations to determine n quantities demanded x^ for ( T 1)

trading moments, m quantities demanded Sj for (T + 1) trading

moments, and the quantity V for ( T 1) trading moments,

which add up to (n m 1) ( T* 1) variables* The number

of equations is equal to the number of variables: the system

is therefore determined,® in general.

®The more general approach with stocks of goods carried
over may constitute a solid basis for a general theory of
security and commodity speculation that would be well suited
to supporting the further realistic assumption of uncertain
prices* In this case, commodity assets, as well as securi-
ties, would perform speculation and contingency services*
Holdings of commodity stocks for the purpose of facilitating
exchanges appear to be rare in modem economies*

If coimodity assets are introduced into the system, the
equation of maximization reads

f? ..s,
*•= ylt . -i X,

pl,t+l
4=0 1£1

pit* xit
4' rit~

x
it
_ yi,t-i*

+ E - 8* . - ( Tf * . 1T.r t * -
Jt Jt J,t-1' Jt J J,t-l'J

— Max, •

(i = 1* •••• ( J = 1* 2, ***, id) (t s 0, 1, T)
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The interpretation of the group of first order conditions

{5, 1) is the same as for the static analysis, exoept that

the demands points of time different from zero are

not actual quantities, but are expected quantities which

might very v/ell be different, when the point % of time becomes

the present time, and the quantities xj^ (t « 1, 2,., ,,T)

are actually demanded.

The group of conditions (5, 2) offers a more informative

y^ is the quantity of the commodity _i demanded to be held as
an asset. The necessary conditions for a maximum with respect
to commodity assets are

au—- - Vit+ Vi.w = 0
®yit

( i — 1 , 2, , 1 ,, n)

(t = 0, 1, ...» T-l)

The partial derivatives in the above equations represent the
marginal satisfaction derived from holding or expecting to
hold any commodity stock for the services related to liquidity,
of facilitating exchanges and providing against contingencies.
The transaction service of a commodity stock seems to he
negligible; the contingency service may be important. The
marginal satisfaction derived from the speculation service
is shown by the term At+lPi t+l for the demand yi-fc. The
reader could very easily extend to commodity assets the ob-
servations which will be made about the first order conditions
with rearpect to securities.

au

ay.
- Ap 3= o
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expression than in the static analysis, so as to make the

present system a more satisfactory set-up for monetary

analysis than the sheer static one. It permits a distinction

between the marginal utilities of the services of securities
axe

related to liquidity, given by the derivatives —
, and

the marginal utility of the servioe of speculation, based on

their property of store of purchasing power and of yield of

interest, which Is furnished by the terms (TTj^+TTj Jtj^) \^+ (

Rates of interest appear in all first order conditions derived

with respeot to interest-bearing securities, except for the

conditions at the horizon.

These conditions admit of a literary description. The

marginal utility of the actual or expected demand for money

,

for instance, at one point of time, is equal to the marginal

utility of expenditure at the same point minus the iaargii»l

utility of expenditure at the next analytical point. The

latter marginal utility Is derived from the possession of

money at the next period and is, thus, the marginal utility

of speculation, for that money provides a larger amount of

purchasing power to future budgets. A quantity of money is

demanded suoh as to equate the total of the marginal utilities

of speculation and of the services related to liquidity to

the marginal utility of expenditure. Consequently, the

marginal satisfaction derived from holding or expecting to
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hold money at any time is the marginal satisfaction derived

from liquidity. If the marginal utilities of expenditure at

the two contiguous points of time were equal, the marginal

utility of money would be null and so much money would be

held for speculation purposes and for the services related

to liquidity as to let the individual derive all possible

utility from the latter services, i.e. as to make their

marginal utility equal to zero. An analogous reasoning is

applicable to other securities.

From repeated substitution in equations (5, 2), the

following expression is derived for money

T- au

Xt= £ (t = 0, 1.
h=t »lh

and for any other security there is an analogous summation,

complicated by the product of its yield and price at different

points of time. Such summations mean that the marginal satis-

faction derived from expenditure at any one point of time

Jit ©qual to the sum of the marginal satisfactions

derived from expecting to hold money at every trading moment,

from t to the and of the plan. -Svidently, if the total

marginal satisfaction derived from expecting to hold money

at all moments after time jt is larger than the marginal satis-

faction from expecting to consume a dollar* s worth of
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commodities at the same time ;t, then the individual would

expeot to hold more money; and vice versa* As the other

securities bear interest, this interest yield is compensated,

in the equilibrium conditions, by the fact that the total

marginal utility of expecting to hold any interest-bearing

security from time t_ to the and of the plan is smaller than

the marginal utility of expenditure at time t*

A very useful simplification would be attained if the

budget restrictions oould somehow be added together.^-0

Unfortunately, this is not possible, for usually there are

several kinds of interest-bearing securities, beside money,

each with a different rate of interest going on the market.

Moreover, even if there were only one kind of interest-bearing

security beside money on the market, no way is found to

establish a relation between the marginal utilities of

expected expenditure, represented by the Lagrange multipliers,

at any two different points of time. For particular purposes,

therefore, a specific rate may be chosen as the general rate

of discount, but no general theoretical rate is to be found

by whose means it would be possible to establish an exact

10This simplification was suggested by G. Tintner, "The
Theoretical Derivation of Dynamic Demand Curves," p. 375; H.
Makower and JT • Liarschak, op . pit . ; J. L. liosak, The General

-

liquilibrium Theory of International Trade, p. 117.
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relation among the marginal utilities of expenditure at

different points of time. The budget relations are to be

kept separate and they appear in the maximization together

with as many Lagrange multipliers as the number of expeoted

trading moments.

The relationship between the A^’s, i. e. the marginal

utilities of ( actual ) expeoted expenditure at any two adjacent

trading moments is made clear by the following considerations.

Divide the equation containing the term^^^ , in the set (5, 2)

. TT*
by The result is

In order to exclude the expectation of speculative gain or

loss in the security purchase, vhich is a complication

superfluous to the present reasoning, interest rate expecta-

tions may be assumed to be the same at all points of time.

( 6 )

(j — I* 2, ..., 8l)

<t = 0, 1, « * • , T-l

)

# • • • •

or rjo - rji - ••• - r
j

r

(6) can be rewritten as

Under this hypothesis, equation
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( 7 )

( J —
• 1» 2, • • • » m)

<t = o, i, ...,T-1>» • • •

»

is a ratio between the present satisfaction derived from

the expectation at time t of the marginal convenience, or

liquidity, from holding security j., and the marginal utility

of the expenditure expectation at time t+1. Inspection of

equation (7) suggests that is of the same order of

should be large* it is conceivable that could be negative.

A negative Ljt would signify that the holding of this security

involves a cost or sacrifice, for its safe-keeping, etc. It

does not appear to be possible, however, to determine the

size of Ljt . In the classical ease where securities do not

enter the utility function, no liquidity element enters the

marginal analysis, and « 0. The value of the ratio of

the marginal satisfactions derived from the expected expendi-

tures at times t and t+1 becomes then equal to (1 * r^).

rjt is then found to be the general rate of discount. The

( T 1) anticipated budgets can be consequently reduoed to

one by the discount rate.

magnitude as r^. If the interest rate of the security ^

I. Fisher, who describes the classical case with no



165

liquidity elements, calls r^t the *rate of time preference.*11

In the general case, the rate of time preference is represented

by (r^ L^), and no general rate of discount can he found.

D. Comparative Quasi-Dynamics

The sufficiency conditions for a maximum will now he

examined. They will he utilized, similarly to those of static

analysis, for the purpose of constructing a comparative quasi-

dynamic theory, which is the study of the laws of change of

the system. It is clear that the marginal utility of the

expectation of the demand for any good at any trading moment

is related to the demand expectations for all goods at every

trading moment. The sufficiency conditions are stated hy

requiring the following symmetrical determinant and all its

principal minors to he alternate in sign,12

^1. Fisher, The Theory of Interest {New York: The
Macmillan Co., 193077 PP* 62, 104, 293. ; in an uncertain world,
p. 224. Fisher briefly treats the elements of liquidity or
convenience of securities at pp. 215-216, hut he does not
take these elements into consideration when he sets the rate
of time preference equal to the rate of interest. This
equality is also stated in his previous work: The Rate of
interest (New York: The Macmillan Co., 1907), p. llS; quali-
fied for ilsk, p. 218.

As Makower and Marsehak, who formulated a general theory
of assets, do not have assets in the utility function, their
results are along the classical lines and are not as general
and complete as the ones reached in this study. H. Makower
and J. Marsehak, *Assets, Prices and Monetary Theory,* op .

cit. ; J. Marsehak, *Money and the Theory of Assets^ oj). oit .

12rt was already indicated in footnote 8 to page 53 that
these sufficiency conditions are not at all neoessary, hut
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Ux
lo*lo.

Ux
lo*lo

lx
lO

S®T Pl°

• • • • • «

t».r, )• 0
SiHs

U8
lo«lo

U
-lo

B»r "lo^Vm

H =

A variation in any parameter at any moment of the plan

will affect the present and expected demands for all commod-

ities and securities in all periods, even the ones preceding

the time at which the parameter is to he varied. It is

interesting to note which effects are occasioned in the

demands by a change in each parameter.

1. Effects of variations in the supplies. The simplest

they are so probable that they are treated as such in the
economic literature. The semi-definite case is of difficult
occurrence and can be safely neglected.
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effect is the budget effect, caused by a change in the

parameters a and s
^

* s which compose the budget without

affecting the system otherwise. The total budget effeot is

positive, because total demand is to increase with total

supply, but unfortunately the sufficiency conditions cannot

determine the sign of the budget effeot on each demand

separately. In order to acquaint the reader with this analysis,

the expressions in the determinants for the effects of changes

in the parameters above upon the actual and expected demands

will be briefly listed.

Let tft,rj,k tlie of the bordering row

(column) t and of the column (row) of the second differentia-

tion with respeot to x^, and let Uy y be the co-factor

of the term Uy^^^ , etc.

a. A variation in x^ has the following effects on the

actual and expected demands.

ax,
ih

( 9 )

ax
?rt

lt,x
i

b

aa
,1h

—II II l» l n cfp

rt
ax rt

l
t.s

St

l

rt

»t,h“ p
>-t
— •

rt
H

(i,r = 1, 2, ..., n)

(t,h * 0, 1, ..., T)

( J “ 1, 2, ..., m)

The results of a unit change in B^, the expected budget at

time t, are clearly the same as above, divided throu^d by p^.
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b. Let s j
-3L

vary; hence

(q» J = 1» 2, • ••* m)
(h = 0, 1, T)

(I — 1 , 2 , • 1

1

• n)

» • • • #

» • • •

»

2. The demand effects of a variation in one present or

expected commodity price are far more complicated. Also in

quasi-dynamics,, is applied the assumption, advanced in static

analysis, 13 that the second cross partial derivatives of

utility with respect to a security and a commodity are equal

to zero.

a. The determinant solution for the variation in the

expected demand for the commodity jL at time h, corresponding

to a change in the present price of the commodity r, is

found to be

(ID

(i.r = 1, 2

(h = 0, 1 I • • • t

9 • • • 9 n)
T>

—

1
'^See pp. 53-54.
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It shows respectively a budget and a substitution effect but

no purchasing power effect. In fact, a ohange in a present

prioe does not affect the real purchasing power of the

securities demanded, as long as the price-expectations do not

vary, for such securities are destined to be exchanged in the

future. In other words, present prices do not appear in the

argument of the utility function for the calculation of the

real purchasing power of the securities demanded, and

consequently they have no purchasing power effect. The

variation in the actual or expected demand for a security

corresponding to a change in the present prioe of a commodity

is given by an analogous expression,

b. The variation in any demand caused by a change in

the axpeoted future price of a commodity is composed by the

two terms indicated by equation (11), plus a purchasing

power term. The expressions for the variations in the

security demands at any point of time and in the marginal

utilities of the actual and expected expenditures with re-

spect to a present prioe can be, therefore, derived directly

from the more general expressions describing the effects

of Ihe ohange in any expected commodity price. The determi-

nant solution for a variation in a commodity demand with

respect to an expected commodity price is as follows
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ax.
Vi H+ _~ - urt. v,) \

(12)
T m m a 4. ,«* *, -*

+ z z z z
U3=0 (J=l )=1 Id. Pi^+i^rt

a
2
u H.

ad «Jr,t-1 qtuj

9«SA
H

m tt

+ Z
<5=1 p:

q,t-iT"
au H

rt
a<r

qr,t-l

*q,t-l*lh
H

where (fti + is defined as being equal to D *
J1* t L3t+l

(lyP — If 2 ( • •*, n)

(h = 0»1» •••( t)

( i — 1 » 2, •••) t)

etc* A

distinotion is again to be made among three components in

the total effect: in the succession in which they are formu-

lated in equations (12) , they are a budget, a substitution,

and a purchasing power term. In order to simplify the

notation, the second term on the right-hand side of equa-

tions (12), representing the substitution effect, is denoted

by the symbol (X)prtxih , and the last^two terms, representing

the purchasing power effect, by C 12 (Sqoo)p^x [h
'

oo=o q-i 1

Substituting equations (9) into equations (12), it is obtained
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ax.

(12, a)
®Prt

lh _
<*rf St> SSL (X)prtxlh

rt
8Jtrt

<^l' ®<l^)Prt
I
lh * (i»r = 1| 2, • •«, n)

(h = Of ly • *., T)

= mi t)

Similarly, the variation in the actual or expected
•

' v..i i: :V\,
* f

» «• •

demand for any security with respect to a change in any

expected commodity priee is described by
. s

U3)

a a (x,- x t ) as,,
_Jh = .

r* rt- _J*L + (X)p
rt*,.ap

rt prt aI
rt

rt

r »
•f I I (S )p 8 •
COrrO (J=l ^ ^ i

r ~ 1, 2 , . « .

,

J ~ 1 »
2 , « . . ,

(

h ~ 0, 1, « . . ,

,t=l, 2, •••,

The three components of the total effect have the same

features for a security demand as for a commodity demand.

The marginal utility of the actual or expected ex-

penditure is subject to the following variation, after a

change in p^.

~i
a
s
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*xh <*rt- *rt>

Sp
rt prt

T man
+ E E E E
o)=0 q—1 Jrrl Jb=l

m
+ E

"q,t-l 9U

*X
rt Prh

BT
rh

Tqafj,t-l s
j,t-l

2
a u as.

® 8q,t-l

q=l p
£j . a^r ax .

rtrh qr , t-1 »h

(r = 1, 2, n)

(h = 0, 1 , .... T)

(t = 1, 2, ...,T)

The total effect on the marginal utility of expenditure at

any time is composed by a sequence of budgetary terms.

Properties of the substitution and purchasing power terms . The

demand derivatives describe the shape of the demand functions

in the proximity of the equilibrium point. The sufficiency

conditions for the restricted maximum of the utility function

impose certain properties on the budget, the substitution,

and the purchasing power terms of the demand derivatives.

They reveal, thus, laws of uniformity in the demand functions,

which are the aim of the analysis of the individual behavior.

Properties analogous to the ones indicated in the static

model hold also in the economic plan. The first six properties

refer to the substitution term. The third one also applies
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to the budget and the purchasing power terms* The seventh

rule is imposed on the three terms taken together.

(1) The first property is written

(X)p
rt

x
it

= * X *pitxrt *
J*

••••“!

ft'om the property of symmetry of the determinant H, but, as

in general

( X )prt
x
ih 4 ( x ^Pihxrt * [t!h = oj

Usually, however, if tch, V ^ X^, and

( x )prtxih
> ( Xjpih

x
rt • [t)h ^ oj

2 ,

1 .

• • *

,

• • • #

2, . . « , n)
• • • *

The substitution effect of a change in an actual or expected

commodity prioe upon the actual or expected demand for another

commodity, at the same point of time, is equal to the

substitution effect of a change in the prioe of the latter

commodity upon the demand for the former commodity at the

same time. Usually, a change in an aetually or expected

commodity price will have a larger substitution effect upon

the expectation of any commodity demand, at a later time,

than a change in the prioe of the latter commodity upon the

demand for the former one.
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(2) From the sufficiency conditions for the restricted

maximum of the utility funetion, it is deduced, as in statics,

that

<X)p
rt*rt

< 0 (r— 1, 2 , •••, n)
(t = 0, 1, ..., T)

By the substitution effect, a rise (fall) in the actual or

expected price of a commodity will decrease (increase) the

actual or expected demand for that commodity, at the same

time*

(3) The third property holds for the budget, the sub-

stitution, and the purchasing power effect. It is to be

divided into four different formulations corresponding to

four different oases. All such formulations are manifest to

common sense.

(a) (i) The effect of a rise in any present commodity

price on the total amount of purchasing power presently spent

on all commodities and securities is equal to the difference

between the present initial demand for the commodity whose

price has changed, and the present supply of that commodity.

The effect of a fall in the price is equal to the same

difference taken with a negative sign. Such an effect is

expressed by the equation
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• x
ro ro

(p — ly 2, t«*i n)» • • • t

The proof of this theorem is identical to the one developed

at page 71 for the analogous theorem in the static model.

The proof is based on the observation that in the determinant

solution for the equation above, the summations of the oo-

factors multiplied by the prices are the expansion of the

determinant H for the budget term and the expansion of

determinants with two equal rows for the other terms. The

summations for the other terms are, therefore, equal to zero.

prioe cannot affect the total amount of purchasing power

presently spent on all commodities and securities. In

mathematical terms

The proof is along the same lines as the one for the previous

tneorem, with the difference that the summation of the co-

factors multiplied by the prioes are the expansion of a

determinant with two equal rows for the budget term also.

A change in the future expectation of any commodity

(r = 1, 2
(t = 1, 2

i

» • • •

»

n)
r)
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(b) (i) A rise in a commodity price expected at any

future time occasions a variation in the total amount of pur-

chasing power expected to be spent at that time which is equal

to the difference between the demand for and the supply of

the commodity whose price has changed, expected at the same

point of time, plus the variation in the amount of purchasing

power of the securities supplied at that point of time. This

effect is described by the equation

m as t
^ r n .

»Ppt
1=1 3 *Prt

as x„+- x w .r
rt rt Jt J J.t-1' ap

) —Ji i

rt

(r = 1, 2 , • • . , n)

(t = 1, 2, ..., T)

The present theorem is proved by noticing that the three

summations in the equation, expressed in determinant form,

are the expansion of H divided by itself for the budget term,

and the expansions of determinants with two equal rows for

the other terms.

(ii) A rise in an aotual or expected commodity price

provokes a variation in the total amount of purchasing power

expected to be spent at any other time in the future, which

is equal to the variation in the amount of purchasing power

of 1he securities supplied at the latter point of time.
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Mathematically,

J,h-1~ •

( t rr 0 , 1, • • » , T~)

— 1 # 2, n)

» y ' •

»

* • • • t

For a proof, it could be easily shown that the eofaotors in

the solution for the present equation are the expansion of

determinants with two equal rows, and are, therefore, equal

(4) Two theorems for the substitution term are analo-

gous to the fourth rule of the statio system.

(a) A proportionate variation in the prices of any

group of commodities, aotual or expected at one future time,

will have a substitution effect in the opposite direction on

the total amount of expenditure on that group of commodities

at the same point of time. This is equivalent to writing

/Sis defined as at page 71, The proof is similar to the one

developed at pages 72-74
, to which the reader is referred,

(b) A proportionate variation in all the expectations

to zero, for each component effect.

k k

«51
prt?W X * prt

x
it

is opposite
r=l i=l rt^it

(k — u)

(t = 0, 1, ...,r)
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of the price of one commodity from any point of time to

another one in the plan will have a substitution effect in

the opposite direction on the total amount of purchasing

power expected to be spent on that commodity between the

same two points of time. Therefore,

By shifting columns and rows of the determinant H oonveniaitly,

it is obtained a form similar to the one of the preceding

theorem, to which the same mathematical proof applies.

(5) The fifth property refers to the substitution

effect, and is derived from the second and the third prop-

erty* Similarly to the third property, it considers two

formulations of the substitution term.

(a) The substitution effect of a change in the present

price of a commodity upon the total amount of present expend-

iture on all other commodities and all securities is in the

same direction as that change.

(b) The substitution effect of a rise (fall) in the

price of a commodity expected at any future time, renders

the variation in the total amount of purchasing power, expected

to be spent on all other commodities and on all securities at

opposite

<t < T)

(t,T = 0, 1, ..., T )
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the same time, algebraically larger (smaller) than the

variation in the amount of purchasing power of the expected

supply of securities at that point of time,

(6) The substitution effect is subjeot to the sixth

rule vfoich is derived from the third and the fourth one.

This rule is to be divided into three oases,

(a) (i) The substitution effect of a proportionate

change in the present prices of any group of commodities upon

the total amount of present expenditure on all other commodi-

ties and all securities is in the same direction as that

change,
*

(ii) The substitution effect of a proportionate rise

(fall) in the prices of any group of commodities, expected

at any one future time, renders the variation in the total

amount of purchasing power, expected to be spent on all other

commodities and on all securities at the same time,

algebraically larger (smaller) than the variation in the

amount of purchasing power of the expected supply of securi-

ties at that point of time,

(b) In the substitution term, a proportionate rise

(fall) in all the expectations of the price of one commodity

between any two points of time in the plan will cause

algebraioally a larger (smaller) variation in the purchasing

power expected to be spent on the other commodities, and on
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the securities between the two points of time, than on the

purchasing power of the expected supply of securities during

the same period.

(7) The seventh property involves the budget, the

substitution, and the purchasing power terms. It states a

suggestive behavior of the demands, which appears to agree

with common sense. A proportionate variation in all commodity

prices at all points of the economic plan has approximately

only a budgetary effect on an actual or expected commodity

demand. It can be written in the form

This expression is obtained by substituting in the determinant

solution* The reader might very easily repeat the procedure

for the result above, which will not be indicated here, for

its length is not proportionate to the slight importance of

the present topic. The effeot on any security demand is only

slightly different! the statement of its mathematical expres-

sion is superfluous. It will be sufficient to point out that

the last term in the equation above representing the substitu-
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tion effect is undoubtedly very snail, and consequently the

result is approximately a budget effect. The same observa-

tion holds also for any security demand. An analogous

conclusion was reached for the static model. A proportionate

rise (fall) in all prices causes a proportionate diminution
-

,
.. «

(Increase) in the purchasing power of the amounts supplied

of securities. It is clear that there is to be a budget

effect. The proportionate variation in the purchasing power

of the securities leaves no room for a substitution effect.

A substitution effect takes place only with respect to the

amounts of securities which are expected to be demanded at

the end of the economic plan.

3. The effects of variations in the rates of interest

on the demands for commodities and securities will now be

studied.

a. The reader is referred to pages 86-88 for the

classifications of securities according to the type of

structure present ed by the functions of the security prices

in the interest rates. In the quasi—dynamio framework,

formulas (82) at page 88 read
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1

*ht *M (1 + R
ht )

"h‘t h

(t = 0, 1, .... T)

(ft ~ It 2 , ttt| t)» • • • >

( 14 )

(

i

= v+l, v+2, w)

dkt
(k ss vfl, VH-2 # • • • * m)

Here, for each type of seourity & and only one

security is considered, issued at any time dg(wO t, t-l,,*.T).

rh and rj|» then, stand respectively for and The

of an expansion in the notation* is the market rate of

interest going at time t for bonds of type which reach

maturity at the same time as the bond whose price ia considered.

dkt ^ke dividend yield of the corporate stock k at time t.

b. The differentiation of equations (14) with respect

to an interest rate or to the dividend yield of a corporate

stock yields results analogous to the ones stated at pages

for the differentiation of the static equations,

o. Finally, the variation is to be analyzed in the

system could be easily extended to more fixed-yield seouri

ties of the same type, issued at different dates, by means

89-90
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actual or expected demand for a commodity x^, caused by a

change in the actual or expected market rate of interest for

consols of type J. at time t(t - 0, l,«,*,T) t Rjt . It has

been already pointed out that, in order to simplify the

analysis, only one security of type J[, issued at time aj,

appears in the budget equations* From equations (14) and

the budget equations (3), it is manifest that a change in

Rjt occasions a different variation in the security prioes,

in the budget, and consequently in the demands, according to

whether flg < t , or W - t, The two eases are better investi-

gated separately.

(a) In the case of a change in the actual or expected

rate of interest of consols of type | at a time t after the

time w of issue of the security of type J, which is in the

budget restrictions, the corresponding variation in the

actual or expected demand for a commodity is given by

sx4 aw

1

lq Jt _ <S
Jt“ 'j.t-l’ V«J,

A "j.t+l* Vjj ,W1 n Jtlq

s r a a u
- £ £ —

|£

TT O>=0 y=l 88 91 VX
iq

J* Jt

dn
it

®R
Jt
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(i — If 2j • »#, n)

( J ~ v+lf v+2 1

(Qft = Of If «••, T")

By operating substitutions analogous to the ones indioated

at page 92, and using equations (9) and (12, a), the reader

may verify the following transformation

ax

an

lq a,T
Jt

it
aR

Jt

'Jft-l
axiq _

8
Jt

(TT
J,t+l+ axlq

Prt
ax

rt

X,. . „ (n

,

"jtpr,t+l
ax.

. Vi.w* "jVl (X)p

Vj*

r,t+l

an

lqBJt aR

Jt

Jt

(l — 1, 2, •••, n)

( J = v+l, vf2, w)

(q,t = 0, 1, ...,T)

The effect of a change in a present or expected security

price on the demand for a security is similar to the one on

a commodity demand, except for the effect on the demand for

the same security whose price varies. This last effect is

described by the expression
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08
Jt

eTT
jt _ i

mmmmammmarn rnmrnmimmmmm *****

,. Vjt>
IT

( J =r V+l, V+2, . .., v)

(t - 0, 1 # .... T)

The total variation in a commodity demand or a security

demand consequent to a change in an interest rate can be

broken down into two income end two substitution componaits.

The variation in the demand for a security of the type whose

rate of interest changes reveals one more term, independent

of the equilibrium position, of a negative sign*

{b ) The going rate of interest for consols of type

at time <w>, is the rate of the consols of this type

issued at the same time. As it was assumed that the consol

of type in the budget restrictions was issued at time £0 ,

Rj^ is the rate of the consol, and its change will affect

the equilibrium conditions directly and through the TT
j

*

s

( <1 6o+l,co+2,..., 'Y) . Thus, there follows the result for
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the induced variation in an actual or expected demand for a

indicates the budget at time t . The terms in brackets

have been described above. The terms under the first summa-

tion are the usual budget terms which have been examined at

page 167. Similar expressions represent the variations in the

demands for securities.

d. The derivation of the demand effects following a

change in the rates of interest of maturity bonds or in the

dividend yields of common stocks, which are much of the same

composition as the demand effeots caused by a change in a

consol rate, is left to the interested reader.

commodity subsequent to a change in Rjco,

(i — 1» 2, ..., n

)

(J = vfl, vf2, .... w)

(e,Cl):r: 0, 1, «.., T)

* • • • »
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S. The Demand Functions

The quantities of commodities and securities demanded

at present or expected to be demanded in the future, together

with the marginal utilities of the present and expected

expenditures, which are determined by the equilibrium condi-

tions, are functions of all the given values or parameters

of the system. The parameters are the same as described in

the statio functions, with the addition of their expectations

at all future trading moments in the economic plan. Hence,

they are the present and expected commodity supplies and

commodity prices, the present and expected rates of interest

and dividend yields of common stocks, the present supplies

of the securities and the securities* principals or par

values.

The study of the effects of variations in these para-

meters is the study of the structure and of the properties

of the functions of the commodity and of the security demands,

and of the marginal utilities of exponditoe. As the static

functions, so the ones derived from the economio plan consti-

tute the basis for the construction of the market relation-

ships. The quasi-dynamic demand functions, however, differ

from the static ones in the fact that, while every statio

parameter either is common to all individual statio functions

(e.g. a price), or is summed up over all the individuals to
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provide a market value (e.g. the individual supply of a

commodity), the majority of the quasi-dynamic parameters (the

time expectations) are neither common to various individual

functions, nor their summations have a direct bearing on

market relations.

If, at any time, a sufficiently large number of traders

experience a shift in the same direction in their future

expectations of prices or interest rates, a shift in the

present market demands may be consequent, which would induce

variations in the present prices and interest rates. Thus,

expectations of future prioes and interest rates affect

present prices and interest rates; and it can be intuitively

inferred that the relationship has a causality nexus also

in the opposite direction.14 Nevertheless, mass variations

in the expectations should be suggested by further statistical

hypotheses, or by observation aided by the economist*

s

intuition.

A study of the interrelations between fluctuations of
present prioes and of price expectations was made by 0. Lange.
Prise Flexibility and Baployment . Ch. 5.
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CHAPTER VI

A STATIC AND A DYNAMIC AGGREGATE SYSTHM

A. A Static Theory of Market Relations
with Non-Stationary Time-Expectations

As well as the purely static micro-model, also the

economic plan can be utilized for the construction of a

static system of market aggregates, of the type presented in

the fourth chapter. However , the assumption of stationary

time-expectations, which was at the basis of the statio

analysis, was discarded in the economic plan. Consequently,

the macro-system based on the eoonomio plan will be subject

to one more set of parameters: the individual time-expecta-

tions. With the introduction of these new parameters, the

aggregate static system, developed from the statio individual

relations, is easily related to the individual eoonomio plan.

A shift in any future expectation for a sufficiently

large number of traders brings about variations in the

present demands. Market variations, which are the sums of

the individual variations, share the same properties with

the individual variations. Such properties were studied in

the preceding chapter. Furthermore, variations in the

present market demands occasion identical effects on present

prices and interest rates, if they are engendered by shifts
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in future expectations, or, for instance, by shifts in the

utility functions, of the kind that was studied in the third

chapter. It is, thus, shown that movements in the prices end

interest rates, produced by fluctuations in a group of future

expectations, are easily traceable in the working of the

previous models. Adequate hypotheses concerning the behavior

of time-expeotations of all the traders in the market oannot

be supplied by the present theory of eoonomic choice, and

are to be suggested by the observations of economic faots,

B. A Dynamic Model of Market Relations

The conditions for dynamio stability of a market com-

prising securities beside commodities can very well be

investigated by means of a dynamio model of the type studied

by Samuelson and Lange,1 At equilibrium, the static and the

dynamic models are equivalent. Statics, however, differs

from dynamics because it can study only certain kinds of

variations, of a differential order. Its limitation is

manifest, for instance, in the unsatisfactory way in whioh

it treats a change in one price, a dependent variable,

occasioned by an external shook, A dynamic model, on the

other hand, describes the path in time of the adjustments to

1
P, A, Samuelson, ojd. oit, , pp. 269-276; 0, Lange,

Price Flexibility and i&rployment , pp. 94-99.
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the equilibrium position after a ohange, even large, in a

parameter, in this sense, a dynamic model is more general

and more informative than the static one.

The dynamic system which will be presented here is

based on the hypotheses that the movements of prices and

interest rates in time are functions of the excess demands.

The exoess demand for any good is defined as the difference

between the demand for and the supply of the same good. From

the static equations (1) of the fourth chapter,

x
i
= x

i
(v V * and

( 1 ) (i,r = 1, 2, ..., n)

8 “ = 2* 3, *•*, m)
J j r h

under the condition that all the other parameters listed at

page 116 and all time-expectations are constant. In the

fturth chapter, it was made clear that the set of equilibrium

prioes and Interest rates, together with equilibrium total

demands, depend not only on the total amounts of commodities

and securities supplied to the market, but also on the way

in which such amounts are distributed among the traders,

i.e. on the individual supplies. In this study, the quanti-

ties supplied were assumed to be constant. Such an assump-

tion may still prove to be useful here, for it attributes a
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•neutral* role to the supplies. Thereby, the conditions for

market stability around the equilibrium position, which will

be indicated in the present section, must be totally fulfilled

by the demand derivatives. It might be objected that the

assumption of constancy of the supplies imposes too heavy

restrictions on the demand derivatives. As the theory of

production is beyond the limits of this work, no attempt can

be made at deriving from general principles rigorous laws of

uniformity in the behavior of the quantities supplied relative

to prices and interest rates, but conclusions about the supply

behavior are to be accepted prlma facie . The assumption of

increasing costs and decreasing returns appears to be

realistic and at the same time to furnish reasonable results

in the general theory of produotion. 2 The opposite assumption

does not seem to be justified by common observation and by

the theory. It can be safely concluded, therefore, that. If

the assumption of constant supplies is to be discarded, that

would be in a direction which would ease the conditions for

stability imposed on the demand behavior. The conditions

which will result under such an assumption might be thought

of as being more rigid than they actually would, where more

realistic hypotheses on the supply behavior should be applied.

2See footnote 1 on p. 111.
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From equations (1) it appears that, in whatever way the

time derivatives of prices and interest rates are related to

the excess demands, they are ultimately functions of the

prices and of the interest rates, or

( 2 )

= vv v
dR,—i = F <p , R) ;
dt 3 r q

(l,r s 1» 2, •••, n)

( = 2, 3, #«,, a)

Under the condition that the Jacobian of the set (1) is not

equal to zero, equations (1) can be inverted and, by shifts

in the origins of the demands, there is obtained

( 3 )

p
i
* pi

(Xr“ *r» VV
= 1, 2, n)

R
J
= R

J^
X
r"’ ^r*

S
q
-

3. •••, »)

Consequently, in general from equations (2) and (3) it is

deduced that each time derivative of a price or of an interest

rate is a function of all the excess demands. Such functions

are written as follows,

JT
=

®i (V *r» VV
dR,— = 7

j
(V VV

(i#r — 1, 2, n)

( Jifl = 2, 3# •••* ®)
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demands. The exoess demands are the explicit parameters and

represent the amounts of disequilibrium of the system at any

time t

.

Samuelson advanced the hypothesis that the time variation

of each price depends only upon the amount of disequilibrium

in its market. This hypothesis can also be adopted for the

security markets and expressed in the functional form

Samuelson imposes the following restrictions on the structure

of the functions, which will be extended to the f
j
func-

tions: gjJO) • 0, fj(0) • 0. It is known that, if the

substitution effect is predominant, an increase in the demand

for a commodity, occasioned by a positive shift in the

preference for that good, brings about a rise in the price

for that commodity. 3 For equilibrium, therefore, the follow-

ing condition is added by Samuelson

( 5 )

dt VYV
^ = 1 » 2, ..., n)

(j = 2, 3, «•«, m)

# • • •

»

3See p. 136.
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%

ej(0) > 0 ; (i = 1, 2, .... n)

Similarly,, the results attained on page 136 state that, for a

predominant substitution effect, an increased total demand

for a security, caused by a shift in the traders* preference,

induces a fall in the present rate of interest going for

that type of security. Consequently,

fj(0) < 0 ; ( J « 2, 3, .... m)

•
-

. A" • - •'*“*•*•>••*•* v • * •«* * .j.

Economic reasoning would suggest that equations (4) are

also more realistic, besides being more general, mathemati-

caily , than equations (5),^ In fact, from functions (5) and

the conditions on their structure, it is concluded that the

price of a commodity is stable only when the market for that

commodity is in equilibrium; and, vice versa, the market for

. ,
^j^undationa of Economic Analysis , p. 274, Samuelsonadmits that a set of equations as given by (5) (with no

securities and interest rates) is formally more general thana set as described by the first group of equations (5), Inhis previous article, however, he seemed to regard theparticular case represented by the latter set to be foundedon as general hypotheses as the static case for which Hicksstated his stability oriteria. (P. A. Samuelson, "The Rela-

w«)?
bUity 0114 True Uynami0 3tabllity-*
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a commodity is in equilibrium when the price of the commodity

is stable. This does not appear to be true* the price of a

commodity might vary 30 as to leave the market for that

commodity in equilibrium, while other prices move so as to

bring the other markets to equilibrium. Similar cases could

be easily prospected. The reasoning above applies also to

interest rates.

Yet, equations (4) vould impose conditions of stability

on the demands around the equilibrium position, which would

not be very informative and would not admit a simple eoonomio

interpretation. Henoe, here will be sought the stability

conditions based on the assumption described by equations (5).

The limitation of the assumption should not, however, be

overlooked.

Expanding equations (5) at the equilibrium position, and

retaining only the first power terms, it is obtained5

^in an economy with no securities, the individual
demands are homogeneous of zero degree in the commodity
prices, and so are the market demands. Consequently, thefirst time derivatives of the prices are also homogeneous
°Za

ZOr° degre® k1 -fche prioes. This means that, if all theprices varied in the same proportion, there is no tendency tofurther price changes, or that the prioe level is indetermi-nate. The requirement that the prioe of one commodity (thenumeraire ) be equal to one anchors the prioe level to a fixedV8.1U8 •
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( 6 )

dp, n aX. _ m aX. A—^ = gj E — <p - p®) + £ _i <R - R°>
dt r=l ap r r q=l aR q

r q

dR,

IT

a8n aS, «. a
f» E -J. (p - p ) + E —1 (R - R )
J p=lap r r q=l aR q q

r q

(i — I, 2, • «., n)

(j = 2f 3* •••» ®)

These expressions are an approximation to the Tallies of the

4 PL
dt 's and the

<

^ v) -- ‘ S v/hioh is the closer, the smaller

the value is. Noticing that the derivatives in the expansion,

being taken at the points and Sj- 3^, are constants,

the set (5) is seen to be a system of linear differential

equations. The solution in the p^*s and the R.j*s is

k UyX
P.(t) = E A

lh
(t) e

rh

h=l

(7)
k yUht

R.(t) = E e
h

J h=l

(i— 1, 2, . . . , n)
• (J = 2

, 3,..., mi
(k — n+m-1)

The s and B^* s are polynomials in t of degree one less

than the multiplicity of the root h. Calling^— a*.-,

biq»a^7“ °jr* ond aR^’ djq» u is readily shownaR
thaty^ (h - 1, 2, k; k^rn+m-1) are the distinct roots
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of the oanonio equation

g*a -A
1 11 r

<*) K/O =

B
l*Xn

g*'b*1 11
g*bS
1 la

g*a _
n nl .

gJ*nn7“
g'b
n run

f *c
1 11

f * c
1 In

.

f
i*u

f»d -/u.

a am/
t *0 .
m ml f»o

• m on

if the canonic equation is not symmetrical, as it is to

he expected from the influence of t he income and purchasing

power effects, some of the rootsy^ are complex, i.e.

oomposed by an imaginary and a real part. The imaginary

part occasions an oscillatory movement, because the number

J3, raised to an imaginary number multiplied by t, is equal

to a harmonio in The condition for all the prices and

interest rates to tend toward their equilibrium values is

that all the real parts of they^^* s be negative. This happens

when the principal minors of the matrix of F(jX) are alternate

in sign. 6

The fundamental requirement for coordination and

6See also 0. Lange, Price Flexibility and jMployment .

pp • 95-96#
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centralization for a general and consistent deductive analysis

imposes now the question: is there exact correspondence be-

tween the stability conditions for the statio and for the

dynamic system, and how are they related? Such questions will

be commented upon by the following observations,

(1) The hypotheses binding the two systems are not the

same. The dynamic model which was chosen for the stability

conditions is a particular case of the general one, as it was

indicated at pagel95. The mechanism of adjustment of prices

and interest rates is different in the particular and in the

general model.

(2) The dynamic stability conditions are not plaoed on

the static matrix (in the ja, _b, £, £ coefficients in equation

(8) alone, but on the matrix of (8) in the products of the

static derivatives and the adjustment speeds. The Hicksian

criteria for perfect stability which are the same as the

dynamic conditions, however, are imposed only on the statio

matrix.

(3) In the static matrix, lack of symmetry does not

hinder stability in the Hicksian oriteria, but, in the matrix

of the canonic equation (8) for dynamic stability, it brings

about on oscillatory solution for the equilibrium position. 7

n
Samuelson devised small matrices where the classical

condition that the principal minors of the matrix of (8) be



aoo

It is concluded that the correspondence between the two

sets of conditions is the stricter, the lesser weight the

three differences stated above bear on the final solution.

The searoh of other dynamic systems and the study of

the relation between their stability conditions and the ones

already known is not pertinent to this argument. In this work,

it suffices to have indicated that monetary analysis oan be

molded into a formal dynamic system of a familiar kind. It

is obvious, however, that in so doing the system was slightly

transformed. The time variations of the rates of interest

are new variables Introduced into the system; the property

of homogeneity of zero degree of the rate of change in time

of commodity prices in the commodity prices does not hold

any longer; etc.

C. The Element of Uncertainty

Throughout this study, the element of uncertainty was

not given direct attention. Its direct analysis was avoided

alternate in sign is neither necessary nor sufficient for
the real parts of the distinct roots of (8) to be negative.
For a large number of variables, however, there appears to
be a very large probability that the classical condition be
both necessary and sufficient for the real parts of the
distinot roots to be negative. Hence, for a large number
of variables, the three points discussed above seem to ex-
haust the list of the hindrances to an exact correspondence
between the dynamic and the static stability conditions.
(P. A. Samuelson, Foundations of Aoonoraic Analysis , pp. 273-
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by means of the devices of assuming stationary time-expecta-

tions and of considering "representative" expectations, i.e.

those oertain expectations to which the individual would

react in the same way as to the actual uncertain ones.8

One significant conclusion can be drawn from this approach

to uncertainty. The systems of monetary analysis presented

here are consistent with the interpretation of representative

expectations as being actual expectations in a world of

certainty; for how important it might be, uncertainty of the

future is not an essential constituent of monetary relation-
Q

ships

•

The mathematical study of uncertainty and risk is based

on probability functions, the parameters of which might also

be subject to a probability distribution. The very parameters

of the latter distribution might have a probability distribu-

tion, and so on, ad libitum^ The insertion of such proba-

8
A. G. Hart criticizes the device of representative ex-

pected prices on the ground of its impracticality. (-Antici-
pations . Uncertainty and dynamic Planning. Studies in Business
administration of the University of Chicago, Vo. II, No. 1,
1941, p. 55). Representative expeoted parameters, however,
do not seem to meet any objections as a theoretical devioe.

Q
This thesis is also implicitly supported by 0. Lange,

Price Flexibility and Employment . Chaps. 4-6.

G. Tintner, "A Contribution to the Nonstatic Theory
of Production,'* in Studies in Mathematical Economics and
Econometrics, in Memory of Henry Schultz, pp. 98 ff.
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bility functions into general-equilibrium analysis would

definitely complicate it and would rather obscure the basio

issues instead of yielding new information. It has been

pointed out that an increase in uncertainty corresponds to a

rise in the representative expected prices of the group of

commodities with respect to which the trader is eminently a

buyer, and to a fall in the representative expected prices of

the group of commodities which the trader plans to sell.
11

im analogous statement oan be made relative to the expecta-

tions of any other parameter. This important relationship is

sufficient to indicate the reactions of the system con-

structed on representative expectations to changes in un-

certainty. Such changes are represented by a shift in a

group of representative expectations, v&ioh is to be defined

by a different set of assumptions in general, for each

particular situation. For instance, uncertainty usually in-

creases the farther in the future the parameters are considered.

According to the relationship outlined above, the representa-

tive expectations of the parameters become such as to dis-

courage the demand expectations, the farther in the future

they are. Uncertainty is consequently a fundamental cause

for the limitation of future planning and for the determina-

tion of the economic horizon.

11See p. 148
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